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J cos"s de

1] COS6de
2 [ COs?6 d6
3 [ COS6 d6
4 [ COS'6 dB

5 [ COS°6 d6
6 [ COS°6 d6

7 [ COS'6 d6

[siNmde

8 [ SINO de
9 [ SIN°Bd6
10 [ SIN*6 d6
11 | SIN‘G dO

12 [ SIN°6 dB
13 [ SIN°0 dB

14 [ SIN'6 d6

[ sEc'e de
15 [ SEC 8 d8
16 | SEC?8 d8
17 [ SEC®*6 d8
18 | SEC*8 dB
19 [ SEC°6 d6

[TAN"® d6

20 [ TAN© do
21 [ TAN?6 d8
22 [ TAN°® d8
23 | TAN‘6 d6
24 | TAN*6 d8
25 [ TAN°® d6
26 [ TAN® d8
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APPENDIX A : Math Appendix

SIN 6.
[1/2 (1 + COS20)d8’ = “1/2 8 + 1/4 SIN 26.
[ cOsSB(1- SINB)de = SINB - 1/3 SIN®6.
[1/4 [1 + COS20]°d6 = [1/41+ 2 COS26+ COS26]de
8/4 + 1/4SIN26 + 1/4[ [ COS’26dB= 1/2] (1+ COS46)d8 = 8/2 + 1/8 SIN4B]
3/808 + 1/4SIN26 + 1/32 SIN 46.
[ COSOLI[-2SING <+ SING]dB = /SIN® F 2 2/3 SIN3G, |# [~ 1/5 SIN56.
[1/8 [1+ COS20]°de = [1/8\[1 + (3°COS26 + 3 COS?28+1 COS*26] db

1/86 + 3/16 SIN26 +
1/86 + 3/16 SIN26 +

5/166 + 1/4
[ cosB[1- SIN

29 1° do

[.3/16) [ 1+

SIN26 +

COS46/].d6 +,1/8 [,COS20 [ 1 - -SIN?26 ] d6 ]

1/48 SIN®2
3 SIN’G +

SING - SIN®6 + 3/5SIN°8 + 1/7 SIN'6

3 SIN‘G +

[ 3/160 + 3/64 SIN4B + 1/16 SIN26 - 1/48 SIN®26 ]
3/64 SIN46 -

| cose[1-

6.

- COsB
J12 (1 - CO0S20)ds = ,1/28. - 114 SIN28.
[SINB(1 - CcOS’8)de = - COSB + 1/3 COS°®6.

J1/4 [1- cos28]:de= [1/4 [1- 2COS26+

cos*26] de

SIN°G ] db

= (115 SIN®6.

TANB*.

8/4 - 1/4 SIN26 + 1/4 [ [ COS?26dB = 1/2] (1+ COS48)de= 6/2+ 1/8 SIN46 |
3/86 -1/4 SIN 26 + 1/32 SIN 486.
[ SINB[[1-[2/COS%*8 <+ COS*8)]/d8; = =GOSO+ 2/3 ICOS?H
[1/8 [1- COS268] de= [1/8\[1-/3€C0OS$20 + [3.COS226C71 COS’26 ] dB
1/86 - 3/16 SIN28 7+, [,3/16f {11 #) COS48 |,d6 -] 1/84 COS 26 [ 1L --SIN?20] d6 ]
1/86 + 3/16 SIN26 + [3/168 + 3/64 SIN46 - 1/16 SIN26 + 1/48 SIN®26 ]
5/168 + 1/8 SIN28 + 3/64 SIN46 + 1/48 SIN®26
[SING[1- COS0]° d6 = [SINB[1- 3COS’0+ 3COS*B- COS8]do

- COSB + COS% - 3/5 COS®6 + 1/7 COS’e.

| SEC® '~ {"SECE + TAN®]/ [ SECO+ TAN] d8 =" Ln*SECB +

TANS.

SECO TANG - [

[ SEC?0-[1 +

SECO TAN’6 d6

TANG] df

TANO +

1/3 TAN?%6.

SEC°6 TANB - 3 [ [ SEC°60 TAN’6G d6 = [ SEC°6 d6 - [ SEC°6 df ]
1/4 SEC’0 TANG + 3/8 [ SECB TANB + In*SECB + TANO* ]

- Ln* COS6*.

[SEC®- 1] dB =

[ TANB [ SEC?6 -

[ TAN?6 ( SEC?8

[ TAN®G [ SEC?0 -
[ TAN'G[ SEC?9- 1] do =

[ TANO [ SEC*6 --1].d8, =

[ SIN?8 TAN"® dB
27 [ SIN?6 TANG d8

28 [ SIN’6 TAN?6 d
29 [ SIN?6 TAN®6 d

] TANG -

[ TANG -

| TANG -

| TAN"8 SIN® COSB db

30 [ TAN?O SINBOS6E db

| TANG SIN’6 d©

J( SEC®® - SEC8)d8]= 1/2 [ SECO TANG + In*SECH +

TANB* ].

TAN® - 6.
1] d6 = 1/2 TAN?® + Ln* COSB*.
- 1) de = 1/3 TAN®G - TANGO + 8.
1] d6 = 1/4 TAN*6 - 1/2 TANG@ - Ln* COS6*.
1/5 TAN°6 - 1/3 TAN® + TANO - 6.

1/6 TAN®B,-, 1/4 TAN'G + 1/2 TAN?6 + Ln*COS6*

TANB COS?8 d8 = - Ln* COS6* + 1/2 COS?6.
TAN?6 COS’6 d6 = ,TANS,- 6--1/2 ( 8,-,1/2 SIN28 )= - 3/2.8 , + TANB + 1/4 SIN26.
TAN®8 COS?6)d8 =5c1/2) TAN?6- 1+ 52Ln*COSH* - 1/2 COS?6.

= [TANB[1- COS8] d8 = - Ln* COS6* + 1/2 COS?6.
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31 [ TAN®B SINB COSB db = [ TANGSIN°G d6 = | TAN6[1- COS6] d6 = - 3/26 + 1/4 SIN26 + TAN 6.

32 [ TAN‘O SING COS6 db =VIETAN'G°SIN?G dB'=/[ TAN*G ['1'-/ /CcOS?0'] d8'="J TAN6-d8 -~ ||~ TAN® SIN*6 d@
= 1/2 TAN?0 +2Ln*COSB* - '1/2'COS?%0.

33 [ TAN°O SINB COSO dB = | TAN‘GSIN?6/d6= [ TAN‘8{1- COS'@[d8 =" TAN'G'd8 = J"TAN’6 d8 + | SIN’B de
= 1/3 TAN®@ - 2 TANO + 5/28 - 1/4 SIN26.

34 [ TAN°O SING COS6 db = [TANG SIN°6dB = [ TAN°6dB - [ TAN6 dB + [ TANG dB - [ SINB COSO db
= 1/4 TAN'8 - TAN’® - 3Ln* COS6* + 1/2 COS?8.

[8 TAN"6 SEC?6 dB

35 [ 6 TAN’0 d6 = B ( SEC’0- 1) d6 =" -'6%2 + '8 TANB + Ln*COSB*.
36 [ 6 TANB SEC*6 d6 = 08/2 TAN*6- 1/2] TAN°Bd8 = 6/2 TAN’0 - 1/2 TANO + 1/286.
37 [ BTAN?6 SEC?6 db = O TANG/3-"1/3[[ TAN6dB = 1/2 TAN’8 + Ln*COS6*]
= 0/3 TAN®® - 1/6 TAN6 - 1/3Ln* COS6*.
38 [ BTAN®6 SEC?6 db = 0/4 TAN'G-1/4 [ [ TAN'OdO = 1/3 TAN’6 - TANO + 0]
= /4 TAN*G - 1/12 TAN®6 + 1/4 TANS - 1/48.
39 [B TAN*6 SEC?6 db = BTANB/5 - 1/5[ [ TANG dB = 1/4 TAN'G - 1/2 TAN6 - Ln*COS6* ]

= 0/5 TAN®O - 1/20 TAN*6 + 1/10 TAN?6 + 1/5 Ln*COS6*.
[o"SIN (B - o)do

40 [0 SIN (B- 0)do

0COS(B-0)+ [-[COS(B-0)do= SIN(B-0)] = 0COS(B-0) + SIN(B-o0).

41 [¢* SIN(B-0)do 02 COS (B-0)+ [-[/20COS(B- o0)do= 20SIN(B-0)+ [[-2SIN(B-o)do= - 2COS(B- 0)]]

0?COS(B- o) + 20SIN(B-0) - 2COS (B - o).

42 [o®* SIN(B- o)do
= 0°COS(B-0)+ [ - [30*COS(B-'o)do= 30>SIN(B- o)+ [[- 60SIN(B-'0)o="-606COS(B-0)-6SIN(B- 0)]]
= 0*COS(B- o) +/3*SIN(B-/6)-260COS(B-0) - 6SIN(B- 0).
43 [ 0*SIN(B - 0 )do = _0'COS(B-0) +)[-/40°COS(B<0)do=) 403 SIN(B-0)+ [<[120° SIN(B-0)do=; =120°COS(B-0) -240SIN(B-0)+ 24 COS(B-0)
= 0*COS (B-0)+ 40° SIN(B - 0) - 120°COS(B - 0) - 240 SIN(B - 0) + 24 COS(B - 0).

[o" cOs (B- o)do

44 [ 0 COS(B - 0) do = -0SIN(B-0)+ [[SINB-0)do= COS(B-0)]= - 6SIN(B-0) + COS(B- 0).
45 [ 0°COS(B-0) do =] G®SIN(BE @)+ {/20/SIN((BA o) do = /26 COS (B - [0)+ [+ [20COS$S(B- o)do = 2SIN(B- o) ]}
= - 0*SIN(B-0) + 20COS(B+0) + 2SIN (B- o).
46 [ 0®*COS(B - o) do = - 0°SIN(B- 0)+
{[3062SIN(B- o)do= 30°COS(B-0)+ [ - [60COS(B-o0)do= 60SIN(B-0)+ [ - [6SIN(B- oc)do = -6COS(B-o0)]1]}
= - 0®SIN(B-0) + 302COS(B- o)+ 60SIN(B-0)- 6COS (B- 0).
47 [ 0*'COS(B - 0) do = - 0'SIN(B- o)+

{4/0* COS (B- 0)do = 40°COS(B- o)+ 120°SIN(B- 0) - 240COS (B- 0)- 24SIN(B- o)}
= - 0"SIN(B-0)+ 40°COS(B -0) + 120°SIN(B - 0) - 240COS(B - 0) - 24 SIN(B - 0).

[o" cOos2(B - o) do

48 [0 COS2(B-0)do = - o/2 SIN2 (B- 0) +-{f 1/2,SIN2/(B --0)do-= 14 COS2(B- o)}
= - 0/2.SIN2 (B- 0) + .1/4 COS2(B- o).
49 [ 0°COS2(B -0) do =
- 0Y2SIN2 (B-0) + {/0SIN2(B- 0)do = /2 COS2(B- o)+ [- [1/2 COS2(B- o)do = 1/4 SIN2(B- o) ]}
= - 0%2SIN2(B-0)+ 0/2 COS2(B-0) + 1/4SIN2(B- o).
50 [ 6°COS2(B - o) do
= - 02SIN2 (B-g) + {/3/20°SIN2(B- o)do = 30*/4 COS2(B- o) + "[ - 3/2] 6COS2(B- o)do].
A{- 3/2[0cCOS2(B- o0)do = + 30/4 SIN2 (B-0) - 3/8 COS2(B- 0)]
=, =,0%2 -SIN2 (B -0)+-3/4 03COS 2(B -0) + 3/4,6SIN2(B~-@) - 3/8 COS 2(B - 0).
51 [ 0*COS2(B -0) do = - 0'/2SIN2 (B-0) + {f;20°SIN2(B- g)do = 0’ COS2(B- o) - *[30°COS2(B- 0)da}
A{] - 30°COS2(B-0)do = 30/2SIN2 (B-0) - 30/2 COS2 (B-0) - 3/4SIN2(B- 0) ]
= - ¢*2"SIN2/ (B t'6) + 0°COS2/(B --0) + 30%/2' SIN2/(B™-(0) - 30/2 COS2(B - 0) - 3/4 SIN2(B - 0).

[e"siNg de
52 [ 6 SINB d6 = -9 COS(B)+ | COS(B)de = -8 COSH + SINSG.
53 [ 6° SING db = -9 COS(8)+ [2/6COS(B)dd=2[6SIN(B)+ COS(8)]]= -62COSB+ 26SINB+ 2 COS 6.

54 [ 6° SING d6 - 8°COS(6)+ [3/82COS(6)d8 = 36°SIN(B)+ 68COS(8)- 6SIN(8)]

- 8°COSH + 382 SINB + 66'COSH- 6 SING.
- 8 COSB + 4'[[6° COS'(6)de = "8 'SIN(6)+'36° COS'(8)="66-SIN(6)- 6COS(0)]
- B*COSe + 4B8°SINB + 126°COSBO - 246 SINB - 24 COSB6.

55/ 6 SING do
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(8" COS 8 do

56/6COS0dB = esiNe - [SINBd6 = @SIN(8) + ' COSH.

57/6°COSBdB = e*sSING - [2/6SINGdB = 2 6COSE+ SING]]='"6°SINO+ 2:6COS6-2SINB.

58 6°COS 6 do 0°SIN (8) - [3/62SIN(BI) da= (3 (1587COS/(B8)+26/SIN(B )+ 2:COS(6))]

0° SING + 362 COSB - 66 SINB- 6 COS6.

59/ B8*COSBd0 = e'SIN(B)- 4[[6°SIN(B)dB = B°COS(6)+ 36°SIN(B)+ 66COS(6)- 6-SIN(6)]
= 0*SING+ 4:6°COS6-12-82 SINB - 246COS 6+ 24 SIN 6.

[ cosup SIN B _d6

r, = lu, rp = 13 L=V (RS-0 ) /=2al(eT9u?), =5 L/ aA6u?), r, = 1/ (1 - 25u?),
r, = 1/(1- 36u*), r, = 1/(1- 49u®)y's, =0 ([2u ), s, =1h(4u® ), ands, = 1/ (4u*- 1)
60 [ COSuB SING dB = 1/u SINuB SIN®'+’ [-1/uf SINUB COSE d6 = 1/u’ COSuB COS® - 1/uf COSud ( - SN B) db]

= u/(u? 1)[1/uSINuBSING + 1/u?COSuB COS8] = r, [ u SINuB SINB + COSuB COS8 ].

61 [COS?’uB SING d6 = [[1/2+ 1/2 COS2uB]SINBdO = -1/2 COSB + 1/2+[] COS 2uB SING df ]
A{/COS2u8 SINB dB = 1/(2u) SIN2u® SINO + [-] 1/(2u)SIN 2uB COSB dB = 1/(41F)COS2ub COSB -[1/(417)COS2ub (-SING) d8 ]
= [4U /(4 -1)][1/@Qu) SIN2uB SINB+ 1/(4u®)COS2uB COSH]
= - 1/2C0S8 +, 2u?/(4u?-+1 )[.1/-2u)SIN2ud SING- + 1/ (4u?) COS2uB COSH |
= - 1/2C0OS6 + s,[u SIN2uB SINB + (1/2) COS2ub COS6].

62 [ COS*uB SING db {= - COS'uBCOSB + A { = 3uCOSu8,SINuGCOSE de}
A{f - 3uCOS?uB SINUB COSB df = - 3u COS?ub SINuB SING - ° [ 6u? COSuB SIN’ub SING - 312 COS’ud SING db}
B{ - [ 6u’ COSuB SIN’uB SING - 317 COS’uB SINB d6 = ©- | 6u’ COSuB SIN® dB + [ 9u> COS’uB SINE de}
C{- [6u>COSUB SING d8 = - 6u‘/(u®- 1 )[1/uSINuB SING + 1/u’ COSub COS6 ]}

= [1/(1- 9¢)][- COS'UB COSB - 3u COS?ud SINUG SINB ] + [ 1/ (1 - 9 ) ][ -6u’/ (u?-1)][1/u SINuB SING + 1/u? COSué COSS ].
= - r,[ COS®u6 COS® + 3u COS?ub SINuB SING ] - 6ryr, [ u® SINuB SING + u®> COSuB COS6 J.

63 [ COS*ub SIN8 db {= - _COS'UBCOSB - _*[ - 4u,COS°ub ( - SINub) COSH do}
A{ - [ 4u COS°u8 SINUB'COSB d8 = - 4uCOS'UB SINUGSING - °f [ - 120 COS?UB (- SIN°uB) - 4u’ COS'u8 | SIN® de}
B{- [ [ - 12u’ COS?uB ( - SIN°uB) o 4w’ COS‘u8)] SINB .d8 £75[0= °f 1207 COS?uB SING d6 + [ 16u’ COS'ud SIN® de}

C{- [12u’ COS?uB SIN® d6 = 6u’COSO - 24u/(4u>--1)[1/Qu)SIN2ud SING + 1/ (4u’) COS2ub COSO]}
= [1/(1- 16@)][ - 'COS'UB COSB - 4u COS'ub SINUB SING + 6u’ COSB ]
+  [1/(1- 166 ) ][ - 24u/ (4u?- 1)][1/(2u) SIN2uB SIN® + 1/ (4u’) COS2ub COSB ].

= r,[- COS'uB COSB - 4u COS?uB SINUB SING + 6u2 COSO ] - r,s, [ 12u® SIN2uB SING + 6u? COS2u8 COSB ].

64 [ COS°*uB SING db {= - COS'uBCOSB + *[5uCOS‘ub( - SINuB)COS8 de}
A{f 5u COS*uB ( - SINuB)COS8 d6 = _- SINB[5uCOS*u8 SINuB - °f [ 20w’ COS*uB ( - SIN°uB) + 5u® COS*u8]( - SING ) de}
B{] [20u*COS'uB ( - 1+ COS?uB) + 5u? COS*u@]( SINB) d® = - [ 20u? COS°u6 SIN® d6 + 25u?[ COS°ub SING dB}
C{- [20u®cos’ud SINgde' =\ [ 2002/ (1= 9w )1 /cOSublcOSh '+ 3u'COS%B SINUE 'SING

+ [[20W3. (1~ 9w ) ][ 6u'/(u’- 1)][1/uSINuB SINB + 1/u’ COSub COS8].}

= rg[ - COSuB COSB .- 5u COS’uB SINUB-SINB ], + 20 u®rsry [ COS’ub COSO + 3u COS?ub SINub SING ]
+ 120 u®rgryr, [ 1/u SINuB SINB + 1/u® COSub COSH ].

65 [ COS*ub SING db {= _-__COSPCOS'uB + *| - 6uCOS°ub SINUB COS6 d6}
A{J - 6uCOS°uB SINUB COS® dB = _- 6u COS°uB SINuB SINB + °[ [ 30w COS'uB ( - SINuB) + 6u’ COS'uB | SING d6}
B{/ [ 30w COS'uB ( - SIN°uB) + 6u’ COS°uB]SING d6 = °f - 30U COS'uB SING dB + 36u’[ COS‘'ub SING df }
C{] - 301 COS'uB SIN® d8 = - [30u?/(L1- 160 )][ - COS'uB COSB - 4u COS’ud SINuB SING + 6u’ COSH ]
[30u/ (1- 16Ww) ][ - 24u’/ (4u®- 1)][1/2u SIN2uB SIN6 + 1/ (4u?) COS2uB COSB ].}
= r, [ - COSB COS®ub - 6u] COS*uB SINUG SING ] - 80U%r,ry [ <] /COS'USCOSH = 4u COS*ub SINUB SING + 6u? COSH |

+11720U°,r,55 [-1/(2u) SIN2uB SINB + 1/ (4u?) COS2u COS6 ].

66/ COS"UBSING dB { = -_cos'ubcosel |+ * 7u COS"ud(: SINUB)-COSH db }
A {] - 7u COS‘ud SINuB COSB d8 = - 7u COS°uf SINuB SIN® + °f 42u’ COS*uB(- SIN°uB )SIN® d6 + [ 7u’ COS’ub SIN® db }
B{[ - 42w COS°uB SIN?uB SINB d6 = [ - 421 COS*uB (L - COS?uB) SING d6 = °f - 4217 COS°u® SINB dB + [ 42u’ COS’ud SING db}
C{f - 421/ COS*uB SIN® dB = - 42\r. [ - COS'uB COSE - 5u COS‘ub SINu SING |

840u'r.r, [ COS*uf COSH + 3u COS?uf SINuB SINB ] - 5040 u’r.r.r, [ 1/u SINuB SING + 1/u®> COSub COS6 ].
= -1, COS’UB COSO - 7.u1, COS°UB SINUB SIN - 42 W21, 1s [~ COS uB COSE - 5u,COS*ud SINuB SING ]
- 840 u'r, ry r, [COS*UBCOSH + 3u COS?ub SINUBSING] -5040 ubr, rg ry r, [1/u SINUBSING + 1/u?> COSuB COSH ].
[ cosue cose de
r, = u,r, = L r, = 1(Cu*-1)r, = 1/(1-9?%)r, = 1/(1- 16v)r, = 1/(1- 25u®),
r, = 1/(1- 36u*),r, = 1/(1- 49u,),0 = 1/(2u) s, = 1/ (4uv®),ands, = 1/(4u*- 1).

67 [ COSub COsS6 db = COS uB SINB-[[- uSINW SINB dB = u SINuB COSB - [ u* COSuB COSB df |
= [1/(1- u?)][COSuB SING- uSINBCOSB] = - r1,[ COSuB SINB - u SINuB COS6].
68 [ COS?ub COS6 db = [[1/2+ 1/2 COS2uB]COSH dB = 1/2 SING + 1/2 [COS2u8 COSH dB

[[COS2uB COSB = COS2ub SING - [[(-2u)SIN2uB SINB d8 =- 2uSIN2uB COSB -[4u’COS2uBCOSH dB] = [1/(1-4u*)][COS2uBSING - 2uSIN2uB COSB]
= 1/2 SIN® - 122s,[ COS2uB SING - 2u SIN2uB COS8 |.
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69 [ COS’uB COSB d6 { = COSwuBsSING - *] - 3u COSu6 SINuUB SING d6}

A{J3u COS?uB SINuB SINB_ @8]\ [ [ 13u COS’uf SINUB.COSE [+ ( F] BuZ2COSUB (| SIN°UBI) COSH d6 + [ 3u> COS'ud COSH de}
B{[ - 6! COSuB SIN?uB COS6 db = [6u’ COSuf/( -1+~ COS?uf ) COSH do = °f - 617 COSUB COSO db + [ 6u’ COS'ub COSH de}
C{[ - 6 COSuB COS® db = [ - 6u’/ (1 u?)][)COSuB SING - uSINW COSB 1.}

= [1/(1- 9¢)][ COSuB SINB - 3u COS?ub SINuB COSB] + [1/(1- 9¢)][ - 6 u/(1- u?)][ COSuB SING - u SINUG COSH ].

= 1, [ cOS?ue SINB - 3u COS?u8 SINUB COS8 | + 6 u2r,r, [ COSUB SING - u SINuB COSB |
70 [ COS'uB COSB dB { = COS'uB SING - * [ 4u COS’uB ( - SINuB ) SINO d6}

A{] 4u COS*®uB SINub SIN6 dB = - 4u COS’uB SINuB COSB + °[12u’® COS’ubB ( - SIN*uB) COS8 db + [ 4u’ COS'ub COS6 dé}
B{[12u’ COS’ub (|- ~SIN?u®) COS8)d8 =/ °[~- 120 COStuB COSO-do (+ 12u7/COS'uB COSB de}
C{J] - 120 COS’uB COSB dB = - 6USING H [ =/6u’/(1-"4uINB>) ][ COS2uB SINB - 2uSIN2uB COS6])}

= [1/(1- 16w )] COS'uB SINO - 4uCOS ud SINUB-COSH - BU SING ]
+ [1/(1- 16w ) ][ - 6u*/ (1 - 40 ) ][ COS2uB SINB - 2uSIN2uB COSH |.
= r,[ COS*uB SINB - 4u COS®uB SINUB COSB - 6u?SINB] + 6 u?r,s,[ COS2u8 SINB - 2u SIN2uB COS8 ].
71 [ COS°ub COS6 db { = _COS°uB SINB - *] 5uCOS*ub ( - SINuB) SING de}

A{] 5u COS*uB SINub SINB db = _- 5u COS‘uB SINuB COSB + ®] - 200 COS®ub SIN*ub COS6 db + [ 5u’ COS*ub COS d6}

B{J - 200 COS’u6 SIN?u6 COSB d6 = - 200] COSuB (1- COS'uB)COSB d6 = ©°f - 2017 COS*uB COS@ dB + 20u’| COS*uf COSO db}
C{J - 20w COS*uB COSB do ="~ Y 20u*/ (1= 9w)][ COS*O SING -~ 3u COS?UB SINUB COSH']
[ 120w - 9w ) TP =6u?/ (1- u?)][ COSub SING - u SINup COSE 1}
= [1/(1-25¢)][ COS°uB SING - 5u COS*u8 SINUB COSB ]+ [ 1/(1 125%)][ - 20u?/ (1 - 9u’)][ COS'uB SIN® - 3u COS?ub SINu® COSH ]

+ [ 17 (1 -250)] [ F20u/ (1= '9¢ )] -6 U/ (1-u?)] [ COSuB SING - uSINUg COS8].
= r, [ COS®uB SINB - 5u COS*uB SINUB COSB ] - 20 W r,r; [ COS®uB SINB - 3u COS?uB SINuB COS8 ]
- 120 U'r, 11, [ COSUB SING - u SINuB COS6 ].
72 [ COS°uB COSB dB{ = _COS'uB SING - *[ - 6u SINuB COS*ud SING de}

A{ - [ - 6u SINuB COS®ub SINB d8 = - 6 u SINuB COS°’uB COSB + °[ - 30U SIN*uB COS*uB COS db + 6 u?’[ COS°uB COS6 df}
B{ [-30 W (1-[COSu6l) COS'UBCOS |dB = =t F[ 30’ /COS!ub COS(dB |+ [130°u?(COS°ub COS db }

C{[- 30u”COS'uB COS d8 = [ - 30u?/ (116 )] [ COSUBSING - 4u COS’ub SINuB COSB - 6 u SINBG ]

+ - [.-.30u% (1 - 16W) ][ - 6ul/ (1- 4 ) ][ COS2ud SIN® - 2uSIN2uf COSB1}.
= [1/(1-360)][ COSuB SING - 6u SINUB COS°ub COSO | +

1/ (1-360)][-30u?/ (1-161)][COS*Ud SING - 4u COS*ub SINuB COSB - 61 SING |
+ [1/(1- 3608 )] [ - 30u?/ (1- 16W)][ - 6u?/ (1- 4w)][ COS2ud SING® - 2uSIN2ud COSH ]

= rg [ COS®ub SING - 6 u SINuG COS°uB COS6] - 30 u?rgr, [ COS*ub SING - 4u COS®ub SINuB COSB - 6u? SINB ]

- 180 u'ryr,s, [ COS2uB SING - 2u SIN2uf COS8 ].
73 [ COS'ub COSH db = COS'up SING - *[ 7u COS*uB ( - SINu® ) SIN® do

A{ -] 7uCOS°ub ( - SINuB)SINB dB = _- 7u COS°ub SINuB COSB + °] - 42u COS°ub SIN°ub COSB db + [ _7u’ COS’uB) COSB db
B{/ - 42u COS°uB SIN°uB COSB dB = ©[ - 420 COS°uB COSB dB + [ 42u’ COS'ub COSB db

C{J - 42¢ COS°uB COSB d8 = - 42ur, [ COS*uB SING - 5u'COS‘uB SINUB COSO ] + 840u*f,r, [ COS’uB SING - 3u COS?ub SINuB COSH |
+ 5040 u®r,r.r, [ COSuB SINB - u SINuB COS6 ].
= 1, COS’uB SIN® - 7ur, COS®uB SINuB COSB - 42 wr,r, [ COS*uB SING - 5u COS*uf SINuf COSH ]
+ 840 u*r,rgr, [ COS®uB SING - 3u COS?uB SINuB COSB ] + 5040 uér,ryr,r, [ COSuB SINB - u SINuB COS8 .

[ o cos(B- o)do

74JOCOS(B- o) do = -0SIN(B-0)+ [ SIN(B-"6)do' =" COS(B-0d)] = =0SIN(B-0) + COS(B- 0).
75]02 COS (B-0)do = - 0*SIN(B-0)+ {J20SIN(B- 0)do= 20COS(B- 0)+ [ - [2COS(B- o)do= 2SIN(B- o)1}
= - o®SIN(B-"0)+ 20COS(B-0)+ 2SIN (B-0).
76 [ 0 COS (B- 0)do = - G*SIN(B- 0)
+ {/302SIN(B- o)do= 30°COS(B-0)+ [-[60COS(B-0)do= 606SIN(B-0)+ [-[6SIN(B-0)do= - 6COS(B- 0)]]}

= - 0°SIN(B-o0) + 36°COS(B- o)+ 60SIN(B-0)- 6COS (B- 0)

fa [ f(xy)dx /ey A[E(xy)]dy + c, (see?Rektorys, Karel)

Where [ f(xy )dx = F(xa) withf (x;y ) andof (x;y)/dy, are realand continuous, then
fo[f(xy)x]ley = o[F(xy)ldy + c;e.g. havingthe solutionfor [ dB/ (A + B COSB ), it follows that :
[ dé/ (A + B COSB ) = .~ [0 488/ (A + B .COSB )]y

= - O[2[A2- B2]™/[A2- B2]]TAN ([ (A- B) (A+ B)J TAN (6/2))/dy.
fCOSB do/[ A+ B COSBO]" (see?°Rektorys, Karel)

1) COS8 = 2 COS2(6/2) - 1
2) SIN® = 2 SIN(B/2) COS(8/2):
SUBSTITUTING 1 AND 2 ABOVE INTO THE IDENTITY, 1 -  SIN?6 = COS?6,

COS28= 1 - SIN2§= 1- 4 SIN}8/2) COS?(8/2) = 1-4/(1- COS?(8/2))COS%(68/2) = 1 - 4 COS?®/2) + 4 COS*(8/2)
DIVIDING 1 - 4 SIN2(8/2)COS?(@®/2) ‘=" '1// 4icos?(e/2) + 4'C0S*@®/2) 'BY 4 'COS*(0/2)
1+ TAN(8/2) = 1/COS2(8/2) AND COS2(6/2)= 1/ (TAN? (8/2)+ 1)
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WITH TAN(8/2) = Z, COS%(6/2)= 1/ (TAN? (8/2) + 1)= 1/(Z2+ 1)
WITH TAN (8/2) = Z = [SIN?(8/2)/COS?(8/2)]*2 = /[ 1/2-(+ - COS8 )42/ [ 1/2( 1+ COSB)]*2= SINGO/(1 + COSB)

COS(B) = 2COS%(8/2) -1 = 2/ (Z2+,1)--1 =  (1- z2)(Z2+ 1)
SIN®) = [1-COos¥*(O)]*2 = [(@3+ 1)%-1(1- 29 (22 + 2 2] = 2z (224 1)
dSING/dB = d(22/(Z?+ 1))/dzdz/d® = 2 (1-22)/(Z2+ 1)°dz/d8 = COS8

L 2(1-22)(Z2+ 1)dz/de= (1-2Z23/(2°+ 1),and d®@ = 2dz/(1+ Z?)

therefore the substitutions for ff(COSB,SINB) db below are permitted.

Z = TAN(B/2), COSB = (1- Z2) (Z*+ 1), SIN® = 27/ (Z*+ 1)and d8 = 2dz/(Z>+ 1)
77&78fCOSG dO/[A+/B-COSB] = 1/Bjde- - /A/B'[ del[A + B(COSe ] =>'8/B' - A/B[ d6/[A+ B COS8]

WITHZ = TAN(6/2): dB = 2dZ/(Z?%71), SING '=2Zl(Zz*+ 1), COSO = (1- Z?)/(Z2%+ 1)
Jd8/[A+ BCOSB] = [([2hZ/(Z°+ L)W DAF B(L:Z2) (122 + 1)])= J2dZ/[ (A+ B)+ (A- B)Z]
WITH [ (A+ B) (A-B)]" U= Z [ (A+ B)(A- B)]'"dU= dz,
2[ (A + B)Y (A- B)]"[dU/[ (A+ B)(1+ U*)] = 2[A*- B ]"*/[A*- B*]fdU/[ 1+ U*].
WITHU = TANpANDdU = SEC?udp and X = 2[A?- B?]"?/[A*- B?],
X[du/[ 1+ U*] = X[ SEC*’p dy/SEC’y = Xp = X TAN'U

77 [dB/[A+ BCOSB] = [2[A?- B ]"/[A*- B*]]TAN-* ([ (A- B)/(A+ B)J TAN(6/2)).

78fCOSG doé/ [ A + BICOS6] = Sjle/B [de /S (/AIBY der A +1NB COSH]
= @(2B) - A/IB[2[A?- BY"2IpAZROIB? ] TANI (L[ (A- B) (A+ B)J"2TAN (8/2))+ C.
79[ COSB do/[ A + B COS8 |

WITHZ = TAN(0/2): d®= 2dZ/(Z?+ 1), SINB= 27/ ( (Z2+ 1), COSO = (1- Z2)/( (Z*+ 1)
[2(1-22)dZI[ (A+ B)+ (A- B)Z2]

WITHZ = [ (A+ B)Y (A-B)]"?u,X = [(A-B)(A+ B)]"?,p= XZ, 1/ng = dz
J2IX[1 - pIX2Jdp/ [ (A + B)Y (1+ p?)*]= 2/ [ X (A+ B)Zl[Afdu/(1+ p? )] - fuz/xzdu/(1+ p? )]
b= TANG, dig = |/SEC2hdd() COSH /=5 L/ 14) X2Z2)H2 [ SING = [XZ/(|T * X222 )12

A{[dur (1 + w?)? = | SEC?¢ doN[ 14 “TAN'G * = ([/COS2p dp = 1/2[ ¢+ COS¢ SING ]
20 [ X (A+- B ap(1+ wE e B APEX(A+ BYTLCATN (X2 ) + PXxz/( 1+ X?22) ]}
B{ [wdu/ (1 + p?)* = [ SEC?¢ TAN*G do/[1+ TANG]* = [ SINGdd = 1/2[ - COSG SING ]
S 20 [ X2 (A + B)Z]jmdp/(u W22 = - U[XT(A+ BPI[PATN(XZ)- fxz/(1+ x2z2)1}
Using TAN &/2 = ( [1/2 (1- COS5)]J/[1/2(1 + COS8)])"> = SINS/(1+ COSd) = (1- COS3) SING
[Z/(1+ X?Z*)]= (1-COSB)SINB/[SIN?*6+ X>(1-COSB) 1= SINB/[(1+ COSB)+ X>(1-COSB)]= 1/2 (A+ B)SING/(A+ B COSB)
Combining the coefficients of C with E and D with F and simplifying:
79 [ COSB do/[ A+ B COSB)* =
A-SINB/[(A>- B ) (A+ BCOSB)]- [2B/(A?- B> JATN([ (A- B) (A’- B ) ] TAN(6/2)).
80[COS8 do/[ A+ B COSHJ*
J2(1-22)(1+ Z2)zZ/ [ (A+ B)+ (A-B)Z2]*= 2/ (A+ B)[(1-2*)dzZ/[1+ (A- B)Z’/(A+ B)J
WITHZ = [ (A+ B)Y(A-B)]™u, X = [(A-B)(A+ B)]*, u = XZ 1Xdy = dz
20 (A+ BY[[1- p9X*]1X dui-[ A+ p2)3 WITH w =~ TAN®, du,=,  -SEC2d-dd
2/ [X (A+ B)*][ SEC2d ddp/ SEC°d - 2/ [.X° (A+ B)* ][ TAN'd SEC2d dd/ SEC°d
[ COSB db/[A + B COSB 1% = 2/ [X (A B)1/COS'Gddd ~ 2/[X°(A+ B)][SINGdd
DEFINING CONSTANT J = 2/ [X (A+ B)Jland K= -2/[X5(A+ B)]
Using and above for [ COS*¢ dd and | SIN“d do.
| COS*pdd = 3/8¢ + 1/4 SIN2¢p + 1/32 SIN4d, [ SIN*Gdp = 3/8¢ - 1/4 SIN2¢ + 1/32 SIN4d.

Z = TAN(3/2) = SINd/(1+ COSd) = (1- COSB8) SIND
[ COSB dB/[A + B COSB I°1/i= 1818 [Q+ K¢+ C 147701 KT SIN2$ N 1/32{ I 14 (K | SIN4
= M38[J+ KIo + “U2[J-IK]SING COSe 2132 [J+ K][ SING COS*d - SIN*¢ COS¢ ]
With TANG = p (=0 XZiiSINDC =1 XZI (L + X2Z3)2, [COSh- = -1/ (1 + X?Z?)*?, and
Z= TAN(S8/2) = SINd3/(1+ COS5) = (1- COSB) SINS
M{3/8[J+ K]p = 3/8[J+ KIJATN ( [ (A - B) (A2- B*)">]TAN(6/2))}
N{1/2[J- K] SING COSG = 1/2[J - K]XZ(1+ X?Z*)= 1/2[J -K]X-SIN8/ [ [ (X2+ 1)+ (1- x2)cose ]}
0{1/32 [J+ K][ SING'COS*¢[- NSINPGICOSH )= (1/B2[(I + AK [ XZIGLM- XBZ2Y(= X328 (1 + X222 )% ]
= 1/32[J + KI[X-SIN®) [ (0L -J€COSO ) [ (X¥+5Ly+ (1- X2)Ccose? ]
- B2\ [[IET KPP X3SINBY( 105C0Se )/ [ (X2 L)+ (1- X2)COS8]?
= 1/32[J + K][X SINB][ SIN26- X>(1- COS8)2)/ [ (1- COSB)[ (X2+ 1)+ (1- x?)cosel?]}
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sojcosede/[A+ B COS8 |° = 3/8[J+ KJATN([ (A - B) (A?- B2)2]TAN(8/2))
12 19 DK IXESINGLLAT ((x2 1)y +E (10 K2 ) cose ]
+ 1/32 [J + K][ XSINB]PSIN2B - X2 (1 -COSB)2 /[ (1-COSB)[(X>+ 1)+ (1-X2)C0OS8]?,

Where X = [ (A- B) (A+ B)I" 0012/ XQAL$OB )] andK (=21 = 2/ [XS(-A + B)].
81 [ de/ (b + c COSB)
SING = 2z/(z*+ 1), COSB = (1-2Z?)/(Z°+ 1), d®@ = 2dz/(Z2°+ 1),Z = TAN ( 8/2)

[l2dz/ (Z2+ 1)) [ (bZ+ b+ c- c2)(Z°+ 1)) = [2(z'+ 1)dz/[ (b+ c)+ (b-c)Z]
=[[2(2°+ 1) (b+ cy]dz/[1+ (b-c)(b+ ¢c)z2)= 2/(b+ cy [ (Z+ 1)z [1+ (b-c)(b+ ¢c)22]
TANu= [(b-c ) (br*Ee)]¥2Z, Z =R A (b - e)M TAN, dZ= [ (b+ c)/(b -c)]** SEC?u du
e= [(b+ c)(b-c)]¥, f =2/ (b#+c)?
fj(e2 TAN’y + 1 )e SEC?p duf SEC = fef SIN*p [+, e COStpdp =[ f[ef/2(p= SINuCOSp)+ e/2(p+ SINyCOSu)]
= f(e¥2+ el2)y + f(el2- €32 ) SINuCOSy
With SINp = (1/e)z/[1+ (1/e?)Z2]¥?, CcOSp = 1/[1+ (1/e?)z?]"?, u = ATN[ (1/e)TAN(6/2)]1;
A{ sINucosy = ez/i[&+ Z2] = eTAN(8/2)/[€+ TAN (6/2)] = eTAN(6/2)/ [ (e - 1)+ 1+ TAN (6/2)]
= eTAN(6/2)/ [ (e*- 1)+ SEC*(8/2)] = eSIN(6/2)COS(68/2)/ [ (e®- 1)COS*(6/2)+ 1]
= (12 )eSINB/[ (& RI1)+ (€= D)cosel = (1/20) [ b?r= 3] SIN8/ [ b+ |c,COS6 1}
81 [ d6/(b + ¢ COSB)> = 2b(b*- c*) “ATN[:(Lfe) TAN (8/2)] - c (b - c?) *SING/[b+ c COSB]
82 [ d6/(b + c COSB)?
SING = 27/ (Z°+ 1), COSB = (1- Z%)/(Z2*+ 1), d8 = 2dz/ (Z°+ 1),Z = TAN(8/2)
J[2dzl(z2+ 1))/ [ (bZZ+ b+ c- cZ2) (22+ 1) = [2(Z+ 1)z/ [ (b+ c)+ (b- c)z?]
= [[2(22+ 1) (b+ c)ldz/[1+ (b-c)(b+ ¢)z2]®= 2/(b+ c)*[(22+ 1)dz/[1+ (b-c)/(b+ ¢c)z?]?
TANu= [(b-c) (b+ ¢c)]*2, Z = [(b+ c)(b-c)]**TANy, dZ = [ (b+ c) (b- c)]¥2 SEC?u du
e = [ (b+ c)(brc)l g-= 2/ Kb+ )
gj(e2 TAN?p + 1) e SEC?u dp/ SEC°uj= g €° SIN?u COS?p,+ e COS*udp = [ge® COS?u+ g(e- e®) COS*udpu
Using math appendix #2 and #4
ge’[ COS?udp = ge*[1/2u + 1/2 SINuCOSp].
g(e- e3)f COoS*ydy = g(e- e*)[3/8py + 3/8 SINuCOSuy + 1/4 SINu COS®u]
[“eg/2 + (318 )g(e- €e*)]u = [4/(b+ c)P][(b+ c) (b-c)]*™ATN[ [ (b-c) (b+ c)I">*TAN(6/2)]
[e%g/2 + (3/8)g(e- e*)](®SINuCOSu) = [4/(b+ c)][ (b+ c) (b- c)]¥2 SINuCOSu
[€(1/4)g (e- e)](" SINuCOS’H)
A{[ (18)e’g + (3/8)eg] = (1/2)(b+ c) *[ (b+ c)(b-c)]"*[2b -c](b-c)*
B{ SINuCOSy = Ze/[Z*+ €] = eCOS?(8/2)TAN(B/2) (1+ (e?- 1)COS*(6/2))
= eSING/[ (e*+ 1)+ (e’-1)C0SB] = [b2- c?2]*?/(2b+ 2cCOSB)}
C{(1ayg(e-e)= -c(b-c)*(b+c)*[(b+ c)(b-c)]"}
D{ SINuCOS®u = Zze¥ [Z2+ e*]* = e COS*(8/2)TAN(68/2) (1+ (€&- 1)COS?(08/2))*
e® [ SINBCOSH + |SINB ]/ [ [(er+ 1)+ (e?- 1) COS6]?
Eby# e (b2 ¢2)M2 [ SING COSB + SIN ]/ [2b+ 2c COSH ]2}
82 [dB/(b + c COSB)* = (2b-“ey[2(bl+ c) (b D)= IATN [ [ (b2 e) (b+ c)]” TAN(8/2)]
+ (2b-c)(b+ cCOSB) [ (b+ c)y(b-c)]
- c[ SINeCOSB+ SINB]/[2(b?- c2)(b+ cCOSB)]
83 [dt = [[12uW (weorl, ) (eM2)1[ 1/ (1- )+ [2e/(1 - e y?JATN[ (1+ e) (L- € )] - 1] de,
with X = [ 12uL,W/M?],
fdt = X [e/(l— e?)+ [2/ = e YRPIATN[( 1+ eY(1'- e2)?] ]&e =/"SINS, de = COSBd dd

Afe/(l— ez)de + BJ' [2/(1_ eZ)SIZ]ATN[[(1+ e)/(l- e)]uz]de
A{fel/(1- e)de = - ('1/29) Ln*1 - &*}

B{ [ [2/(1-e?y?JATN[ [ (1+ e)(1- e)]"?]de, with e = SING, de = COSB db
= [[2/cos®8]JATN [ [ (1+ SINB) (1- SINB)]¥?]COSH db
= 2 TANSATN [[(1+ SINB)/(1-SINB)]¥]-[2TANB®[d (ATN [[(1+ SINB)/(1-SINB)]¥2])/ do]de}
C{d (ATN[ [ (1+ SINB) (1- SINB)I*])/ db
(u[1+ (1+ SINB)(1-SINB)])( [2/2)COSB(1-SINB) *>+ 1/2COSB(1+ SINB)2(1- SIN) ¥2])
d (ATN [ [ (1+ SINB) (1- SINB)I¥])/ d8 = [ (1- SINB)2][1/(1- SINB)] = 1/2}[continued next page]
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[r12/(1-e2)JATN [ [ (1+ e) (1- e)]* Jde
~ 2TANGATN([(1+ SING)/ (1~ 2SINGY) M3 1= [JTANSdGZ - 172 Lﬂ*(l-ez)*]_
t e,

83 [dt [ [ 1200w (derdty(eM?) ] [ (1 e2)+ [2e(1 - ) JATN[ (1+ e) (1- e )*2]]

0 €,

e(

= Fl2apwiMz (el (1- e2 )2 JATN ([ (1+ e) (1- e)]¥?).

D APPENDIX B: POWER SERIES

MA CLAURIN SERIES: Given a continuous functiony = g (X). The function is approximated by a polynomial:

f(x) = a, + aXx + ax® + ax® + ax' + ax® + ax® + ... + ax"ie.
y = g(x) = f,(x)= a, + ax + a,x? + ax> + ax*' + ax® + ax® + ... + ax"
It's desired that the terms of the expansion decrease in absolute value as their number, n, designate increases, the polynomial
is applicableto the function y's domain in the interval *x*< 1. The more closely the polynomial f,(x) approximates the function
g(x) the greater the number of derivatives of the polynomial . (x) will equal like derivatives of g(x).

Theref ore the coefficient s of the approximating polynomialf, .(x); &.as @., - -+ 8 can-be derived by diff erentiating and equat ing
order by order of function g(x)to f, (x),atx = ,0; i.e,

f(x) = f(0)=9gx=y=9(0).y 72,79

fl(x) = dyldx = a, + 2a,x + 3a,x? + 4a,x® + 5ax® + 6ax’....ax"" % ~a, = f(x)

f2 (x) = d?y/dx? = 2a, + 23 a,x + 34a,x> + 45a,x® + 56ax*...(n-1)nax" ? ~oa, = f'(x)/2

f2(x) = d’/dx®= 23a, + 234ax + 3:45ax’ + 456ax>..(n-2)(n-Lnax" * -a, = " (x)/ (23)

frrot(x) = d"tyldx"t = a,.,(n-1)! + nlax Loa,., = "t )/(n- 1)
f" (x) = d"/dx" = nla, soayn = T (x)/n!
Therefore the value of the functiony = g (x) is approximated where x‘is closeto 0 by:

y= g () =f(0)+ f0)x+ f2(0)kH20VE G o)x2ay% Dt Joyeraln +F 5 (0981, + £ (0 )x"nl.
THE TAYLOR SERIES

We now generalize the method used to acquire the Maclaurin series to any function y= g(x), where the independent
variable x is near any second point in the domain aand where *x - a*< 1.
The approximating polynomia-f (-x\) istnow: where-n\ = 1,2;3, + 6
y = g(x)=f(x)= a+ a,(x-a)+ a,(x=-ay /Fa@y(x-rap+iaylx- a)y+ a(x-ay+ ..+ a, (x-a),
and the approximating expansion, the Taylor ‘series, is:
y = g(x)=f(a) + f'(a)(x-a)+ f2(a)(x- ay/2!+ f(x-a) (ay3'+ ..+ f"(a)n! (x- a).

APPENDIX C: CURVES IN SPACE

CURVATURE AND ITS RADIUS 4.

A through cov erage of this topic can be seen in **George B. Thomas. This as = [ax®+ ay® ]
discussion is rudimentary. A cuive's,curvature - ; ods, defined.as thel <
increment fraction d¢/ds in the draw ing. With TAN® = dy/dx, and (TAN)/dd dx
= SEC2¢,
dd = TANG/SEC?4 = (dy/dx) ((dx2+ dy?)2/dx)? = (dy/dx) (1+ (dy/dx)) ) o
Ds = [dy?+ dx?]*2 = dx[1 + (dy/dx} ]2, sement
.
~de/ds = [ (dy/dx Y ; N
NN )))))))))) )£ )
dx | 1+ (dy/dx)y D=v-(-6 -1/7)
= dd/dS = (dy/dx)/(dx [1+ (dy/dx)@]%*?) = (d y/dxz)/[l + (dy/dx)y 1*2. - 6 + e

From dsS = rd6; | e.the curve length of an incremental distance along a
curve, dS, isequal tothe coincident arc increment, de, of a circle of radius, CURVATURE AND ITS RADIUS
r, which fits, (i.e. It is coincident with-all ‘points of the topic cuve'increment.)-and therefore dS = r d6.
However,m-(m-6-m2)= ¢, -~ d6 = do and dS = rdb =rdo.

= r= 1/ ='dS/d6 = dS/dd = [1+ (dy/dx)*]32]/ (d?y/dx?).
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APPENDIX D: VISCOSITY CONSTANTS

For a comprehensive discussion of fluid viscosity see D. D. Fullers.
ABSOLUTE (DYNAMIC) VISCOSITY, ke cENGLISH SYSTEM RELATIONSHIPS:
F= u,A dv/dh

lreyn = W, = Fdh/(A-dv) = Ibfin/(in*in/sec) = Ibf-sec/in?
Other English system forms of absolute velocity sometimes encountered:
lreyn = (slug(12 in/sec?)-sec/in? = 12 slug/(in-sec)

= (slug-ft/sec?)-sec/[in-(ft/1 2in)]? = 14 4 slug/(ft-sec)

= [lbm-(32.174-12 in/sec?)]:seclin® = 386,088 Ibm/(in-sec)

= [lbm-(32.174 ft/sec?)-sec/[in-(ft/12 in)]* = 4633.056 lbm/(ft-sec)
1 microreyn(ureyn) = 1 x 10° Ibf-sec/in?

= 1 x 10° Ibf-sec/[in*ft?/(144 in?)] = 144 x 10° Ibf-sec/ft?

12 x 108 slug/(in-sec)

386.04 x 10 Ibm/(in-s)

ABSOLUTE (DYNAMIC) VISCOSITY| .. cgsi(centimeter,gram,second) SYSTEM RELATIONSHIPS:
1 POISE(P) = pas = Fdh/(A-dv) = dynescm-sec/(cm?-cm) = dynes:sec/cm?

More frequently encountered centipoise (cP): 1 cP= 1/100 P= 1 x 102P

CONVERSION CGS TO ENGLISH:

1P = dynessec/cm? = 1 dynes-(Ibf /448,000 /dynes)-sec/[cm-(in/2:54 ¢cm)]?
= 1.4401 x 10°reyns = 14.4071 preyn
1cP = 10?%dynessec/cm? ='1.4401 x 107 reyns= .14401 yreyn
CONVERSION OF CGS TO SI
1dyne = gm-(kg/2000gm)cm(m/100cm)/sec? = 1x10° newton
1 P = dynessec/cm? = 1x10°N-sec/(cm'm/100cm)> = .1 N'sec/m? = .1 Passec
1cP = .001 Pasec
CONVERSION OF SI TO ENGLISH
1 Pasec = 10 P= 1000 cP= 144.01 yreyn = 144.01 x 10° reyn
1 Pa-sec = (144.01x 10° reyn)(4633.056 Ibm/ft-sec)/reyn = .667 206 |lbm/(ft-sec)
1 Pa'sec = (144.01 x 10° reyn)(144 Ibf-sec/ft?)/reyn = .02073744 Ibfsec/ft?

(144.01 x 10° reyn)(144 slug/ft-sec)/reyn
ENGLISH TO SI

lreyn

1 Ibm/(ft-sec)

.020736 slug/(ft-sec)

1/1.4401 x 10#(Pasec) = 6943.96222 Pa'sec
1.488164 Pasec
1 Ibf-sec/ft? 47.88026 Pasec
1 slug/(ft-sec) 47.88026 Pasec
KINEMATIC VISCOSITY ; v,
v = /o, where g = mass density, usually slugs/in®; inithe english sy stem.
Specific weight, 1bf/ft* = y = og/ft?\=1004,49/ftY = D(Quyg/32:174)/ft°
For H,0 at STPy = 62.4 |bf/ft® and
Q2o = Ylg = (62.4lbmg/32.174)/ft* = 62.4 Ibm/ft® = 62.4 bm/1728 in® = .0361111 Ibm/in®
= 1.93945 slugs/ft? = .001122367 slugs/in®
When density is given in specific gravity, sg., then:
o= sg.( 0.03611111 Ibm/in® = sg.( 0.001122367 slugs/ir®.
Dimensionally: v= p/o = reyn/(slugs/in®) = [12 slugs/(in-sec)]/(slugs/in®) = in?/sec; i.e. area/sec.




