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APPENDIX  A :  Math Appendix

I COSn2 d2                          

1 I COS 2 d2 =      SIN 2.

2 I COS22 d2  =   I 1/2  ( 1  +    COS 22 )d2  =   1 /2  2  +   1/4 SIN 2 2.

3 I COS32 d2 =   I  COS 2 ( 1  -   SIN22 )d2  =   SIN 2  -   1/3  SIN32.

4 I COS42 d2 =   I1/4  [ 1  +    COS22 ]2 d2  =   I1/4 1 +  2  COS 2 2 +   COS2 22 ]  d2  

=   2/4  +  1/4 SIN2 2  +  1/4 [ I  COS2 22 d2 =  1/2I ( 1 +   COS42 ) d2  =   2/2  +   1/8 SIN4 2 ]

    =   3 /8  2  +   1/4 SIN 2 2  +  1/32  SIN 42.

5 I COS52 d2   =   I  COS 2 [ 1  -   2  SIN22  +   SIN42 ]  d2  =    SIN 2  -   2/3 SIN32  +    1/5 SIN5 2.

6 I COS62 d2  =   I1/8  [ 1 +   COS22 ]3  d2  =  I1/8  [ 1 +  3 COS2 2 +  3 COS2 22 +   COS3 22 ]  d2

=   1/82 +  3/16  SIN22 +   [  3 /16I  [ 1 +   COS42 ]  d2 +  1/8I COS22 [ 1 -  SIN 2 22 ]  d2 ]  

=  1/82 +  3/16  SIN22 +   [  3 /162 +  3/64  SIN42 +  1/16  SIN22 -  1/4 8 SIN 3 22 ]

 =   5 /162  +   1/4 SIN2 2  +   3/64  SIN42  -   1/4 8 SIN 322.

7 I COS72 d2 =  I  COS2 [ 1 -  SIN 22 ]3  d2  =   I  COS2 [ 1 -   3  SIN22  +   3 SIN 42  +   SIN62 ]  d2 

=   SIN2  -  SIN32  +  3/ 5 SIN 52  +  1/ 7 SIN 72

ISINn d2                

8   I SIN2 d2 =    -    COS2

9   I SIN22 d2 =   I 1/2  ( 1  -    COS 22 ) d2  =   1 /2  2  -   1/4 SIN22.

10 I SIN32 d2 =   I SIN 2 ( 1  -    COS22 ) d2  =    -    COS2  +   1/3  COS 32.

11 I SIN42 d2 =   I 1/4   [ 1 -   COS22 ]2  d2 =  I1/4   [ 1 -  2 COS2 2 +   COS2 22 ] d2  

=   2/4 -  1/4  SIN22 +  1/4  [ I COS2 22 d2 =  1/2I ( 1 +   COS 42 ) d2 =  2/2 +  1/8 SIN4 2 ]
 =  3 /8  2  - 1/4 SIN 22  +  1/32   SIN 42.

12 I SIN52 d2  =   I SIN 2 [ 1  -   2  COS 22  +    COS42 ]  d2  =     -    COS2  +   2/3  COS 32   -   1/5  SIN52.

13 I SIN62 d2 =   I 1/8  [ 1 -   COS 2 2 ]3  d2 =  I1/8  [ 1 -  3 COS2 2 +  3 COS2 22 -    COS3 22 ]  d2

=   1/82 -  3/16 SIN2 2 +   [  3 /16I  [ 1 +   COS42 ]  d2 -   1/8I  COS 22 [ 1 -  SIN 2 22 ]  d2 ]

=   1/82 +  3/16  SIN22 +   [  3 /162 +  3/64  SIN42 -  1/16 SIN2 2 +  1/4 8 SIN 3 22 ]

=   5 /162  +   1/8 SIN2 2  +   3/64  SIN42  +   1/ 48  SIN322

14 I SIN72  d2  =   I SIN2 [ 1 -   COS22 ]3   d2  =   I SIN2 [ 1 -  3 COS 22 +  3 COS42 -   COS62 ]  d2 

 =    -   COS2  +    COS32  -   3/5  COS 52  +   1/7  COS 72.                   

I SECn2  d2          

15 I SEC 2 d2 =   I  SEC2 A   [  SEC 2 +   T A N2 ]/ [  SEC2 +   T A N2 ]   d2  =   Ln * SEC2  +    TAN2*.

16 I SEC22 d2  =     TAN2.

17 I SEC32 d2  =   SEC2 T A N2 -   [  I SEC2 T A N22 d2  =  I (  SEC 32  -  SEC2 ) d2 ]  =  1/2  [ SEC2 TAN2 +  ln*SEC2 +   TAN2* ].

18 I SEC42 d2 =   I  SEC 22A [  1   +    T A N22 ]   d2   =     TAN2  +   1 /3   TAN32.

19 I SEC52 d2 =    SEC 32 T A N2 -   3 [  I SEC 32 T A N22  d2 =  I SEC 52 d2 - I SEC 32 d2 ]

=  1/4  SEC32 TAN2 +  3/8  [ SEC2 TAN2 +  ln*SEC2 +  TAN2* ].

 ITANn2  d2                                               

20 I  TAN 2  d2 =    -   Ln* COS2*.

21 I  TAN22  d2 =   I SEC 22 -   1 ]   d2  =    TAN 2  -   2.

22 I  TAN32  d2 =   I T A N2 [  SEC22 -   1 ]   d2  =   1/2  TAN22  +   Ln* COS2*.

23 I  TAN42  d2 =   I T A N22 (  SEC 22 -  1 )  d2  =   1/3  TAN32  -    TAN 2  +   2.

24 I  TAN52  d2 =   I T A N32 [  SEC22 -   1 ]   d2  =   1/4  TAN42  -     1 /2   TAN22  -   Ln* COS2*.

25 I  TAN62  d2 =   I T A N42 [  SEC22 -   1 ]   d2  =   1/5  TAN52  -    1 /3   TAN32  +    TAN 2  -   2.

26 I  TAN72  d2 =   I T A N52 [  SEC22 -   1 ]  d2  =   1/6 TAN62 -   1 /4  TAN42 +  1 /2  TAN22 +  Ln*COS2* 

I SIN22 TANn2  d2                            

27 I SIN22 TAN2  d2 =   I  T A N2 -    TA N2 COS22  d2   =    -   Ln* COS2*  +   1/2  COS 22.

28 I SIN22 TAN22 d2 =   I T A N22 -    TA N22 COS22  d2 =   T A N2 -  2 -  1/2  ( 2 -  1/2 SIN22 ) =  -    3 /2  2  +  TAN2 +  1/4 SIN2 2.

29 I SIN22 TAN32  d2 =   I  T A N32 -    TA N32 COS22 d2     =   1/2  TAN22  +   2Ln*COS2*  -   1/2  COS 22.

I TANn2 SIN2 COS2  d2                 

30 I TAN22 SIN2OS2  d2     =   I T A N2 SIN22  d2  =   I T A N2 [ 1 -   COS22 ]   d2  =    -   Ln* COS2*  +   1/2  COS 22.
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31 I TAN32 SIN2 COS2  d2  =  I  T A N22 SIN22  d2  =   I  T A N22 [ 1 -   COS22 ]   d2  =    -   3/22  +   1/4  SIN22  +    TAN 2.

32 I TAN42 SIN2 COS2  d2 =  I T A N32 SIN22  d2 =  I T A N32 [ 1 -   COS22 ]  d2 =  I T A N32 d2  -  I  T A N2 SIN22  d2

=  1/2 TAN22 +  2Ln* COS2* -  1/2 COS 22.

33 I TAN52 SIN2 COS2  d2  =  I T A N42 SIN22 d2 =  I T A N42 [ 1 -   COS22 ]  d2 =  I T A N42 d2 -  I T A N22 d2 +  I SIN22 d2

                 =  1/3 TAN32  -    2  TAN2  +   5 / 2  2  -   1/4 SIN22.

34 I  TAN62 SIN2 COS2  d2  =  I T A N52 SIN22 d2 =  I T A N52 d2 -  I T A N32 d2 +  I T A N2 d2 -  I SIN2 COS2 d2

       =   1/4 TAN42  -     TAN22  -   3 Ln* COS2*  +   1/2 COS 22.

I2 TANn2 SEC22 d2                               

35 I 2 TAN22 d2  =   I2 (  SEC 22 -  1 )  d2 =    -  22 / 2   +   2 TAN2  +   Ln*COS2*.

36 I 2 TAN2 SEC22 d2 =   2/ 2   T AN22 -   1/2I T A N22 d2  =   2/2   TAN22  -    1 /2   TAN2  +   1 / 2  2.

37 I 2TAN22 SEC22 d2 =   2 T A N32/3 -  1/3 [  I  T A N32 d2 =  1 / 2  TA N22 +  Ln*COS2*]

=   2/3   TAN32  -    1 /6  TAN22  -   1 /3 Ln* COS2*. 

38 I 2TAN32 SEC22 d2 =  2/4 TAN42 - 1/4 [ I TAN42 d2 =  1/3 TAN32 - TAN2 +  2 ]

=  2/4  TAN42 -  1 /12 TAN32 +  1 /4  TAN2 -  1/42.

39 I2 TAN42 SEC22 d2 =   2 TAN52/5 -  1/5 [ I TAN52 d2 =  1/4 TAN42 -  1/2 TAN22 -  Ln*COS2* ]

=   2/5  TAN52 -   1 /20 TAN42 +  1 /10 TAN22 +  1 /5  Ln*COS2*.

IFn SIN ( B -  F )dF                  

40 I F SIN ( B -  F ) dF     =  F COS ( B -  F ) +  [ - ICOS (B - F) dF =  SIN ( B -  F ) ]  =   F COS ( B -  F )  +   SIN ( B -  F ) .

41 I F2  SIN ( B - F ) dF      =  F2  COS ( B- F ) +  [ - I2F COS ( B -  F )dF =  2F SIN ( B -  F ) +   [ I -  2 SIN ( B -  F )dF =   -  2 COS ( B -  F ) ]  ]  

   =   F2  COS ( B -  F )  +   2F SIN ( B -  F )  -   2 COS  ( B -  F ).

42 I F3  SIN ( B -  F )dF 

 =   F3  COS ( B -  F ) +   [  -  I3F2  COS ( B -  F )dF =  3F2  SIN ( B -  F ) +   [ I -  6F SIN ( B -  F )dF =   -  6F COS ( B -  F ) -  6 SIN ( B -  F )  ]  ]

   =   F3  COS ( B -  F )  +   3F2  SIN ( B -  F )  -   6F COS ( B -  F )  -   6 SIN ( B -  F ).

43 I F4SIN(B - F )dF    =  F4 COS(B-F) + [-I4F3 COS(B-F)dF= 4F3 SIN(B-F)+ [-I12F2 SIN(B-F)dF= -12F2 COS(B-F) -24FSIN(B-F)+ 24 COS(B-F)

    =  F4  COS (B - F) +  4F3  SIN(B -  F) - 12 F2COS(B - F) - 24 F SIN(B - F) +  24  COS(B - F).

IFn COS ( B -  F )dF                       

44 I F COS(B - F) dF =  - F SIN (B - F) +  [ISIN(B - F) dF =  COS (B - F)] =  -  F SIN ( B -  F )  +    COS ( B -  F ).

45 I F2COS( B - F) dF = -  F2  SIN ( B -  F ) +  {I 2F SIN ( B -  F ) dF =  2F COS ( B -  F ) +  [ -  I 2 COS ( B -  F ) dF  =   2 SIN ( B -  F )  ]}

=  -  F2  SIN ( B -  F )  +  2F COS ( B -  F )  +  2 SIN  ( B -  F ).

46 I F3COS(B - F) dF =   -  F3  SIN ( B -  F ) +

      {  I 3F2 SIN ( B -  F )dF =  3F2  COS ( B -  F ) +   [  -  I 6F COS ( B -  F )dF =  6F SIN ( B -  F ) +   [  -  I 6 SIN ( B -  F )dF  =    -  6 COS ( B -  F )  ]  ]}

=    -  F3  SIN ( B -  F )  +  3F2  COS ( B -  F ) +  6F SIN ( B -  F ) -  6 COS  ( B -  F ).
47 I F4COS(B - F) dF  =   -  F4  SIN ( B -  F ) +  

            {4IF3  COS ( B -  F ) dF  =   4F3  COS ( B -  F )  +  12F2  SIN ( B -  F )  -  24F COS ( B -  F ) -  24 SIN ( B -  F )}

=    -  F4  SIN(B - F) +  4F3COS(B - F) +  12 F2SIN(B - F) - 24 FCOS(B - F) - 24  SIN(B - F).

IFn COS2(B -  F) dF                         

48 I F COS2(B - F) dF  =    -   F/2  SIN 2  ( B -  F )  +   {I 1/2   SIN 2 ( B -  F ) dF  =   1/4   COS 2 ( B -  F )}

=   -   F/2   SIN2  ( B -  F )  +   1/ 4  CO S2 ( B -  F ).

49 I F2COS2(B - F) dF  =  

               -   F2 /2 SIN 2  ( B -  F )  +   {I F SIN 2 ( B -  F ) dF  =  F/2  COS 2 ( B -  F ) +   [  -  I 1/2   COS 2 ( B -   F ) dF  =   1/4   SIN 2 ( B -  F )   ]}

=    -   F2 /2  SIN2  ( B -  F )  +   F/2   COS2  ( B -  F )  +   1/ 4 SIN 2 ( B -  F ).

50 I F3COS2(B - F) dF
                       =    -   F3 /2 SIN 2  ( B -  F )  +   {I 3 /2  F2  SIN 2 ( B -  F )dF  =   3F2 / 4   COS 2 ( B -  F )  +  A  [  -   3/2I F COS 2 ( B -  F ) dF ] .

 A { -   3/2I F COS 2 ( B -  F ) dF  =    +   3F/4  SIN2  ( B -  F )  -   3/8   COS2 ( B -  F ) ]

   =    -   F3 /2   SIN 2  (B - F)  +  3 /4  F2COS 2 (B - F)  +  3 /4  FSIN 2 (B - F) - 3/8  COS 2 (B - F).

51 I F4COS2(B - F) dF  =    -   F4 /2 SIN 2  ( B -  F )  +   {I 2F3  SIN 2 ( B -  F ) dF  =   F3  COS 2 ( B -  F )  -   AI 3F2  COS 2 ( B -  F ) dF}

A  {I  -  3F2  COS 2 ( B -  F ) dF  =   3F2 /2 SIN 2  ( B -  F )   -   3F/2  COS 2  ( B -  F )  -   3/4  SIN 2 ( B -  F )  ]

      =  -  F4 /2  SIN2  (B - F) +  F3COS2 (B - F) +  3F2 /2  SIN2 (B - F) - 3F/2  COS2 (B - F) - 3/4  SIN2 (B - F).

I2n SIN 2  d2                                        

52 I 2 SIN2 d2 =   -  2  COS ( 2 )  +   I  COS ( 2 )  d2  =    -  2  COS 2  +   SIN 2.

53 I 22  SIN2 d2 =  - 22  COS ( 2 )  +  [  2I2 COS ( 2 ) d2 =  2 [ 2 SIN ( 2 ) +   COS ( 2 )  ]  ] =  - 22  COS 2 +  22SIN2 +  2 COS 2.

54 I 23  SIN2  d2 =    -  23  COS ( 2 )  +   [  3I22  COS ( 2 ) d2  =  322  SIN ( 2 ) +  62 COS ( 2 ) -  6 SIN ( 2 ) ]

=    -  23  COS2  +   322  SIN2  +   62 COS2 -  6 SIN 2.

55I 24  SIN2  d2  =    -  24  COS2 +  4 [ I23  COS ( 2 ) d2  =   23  SIN ( 2 ) +  322 A COS ( 2 ) -  62A SIN ( 2 ) -  6 COS ( 2 )  ]  

=    -  24  COS2  +   423  SIN2  +   1222  COS2  -   24 2 SIN2  -   24 COS2.
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I2n COS 2  d2                                 
56I 2 COS 2 d2 =   2 SIN2  -   I SIN 2  d2  =   2 SIN ( 2 )  +    COS 2.

57I 22  COS 2 d2  =  22  SIN2  -     [  2I2 SIN2 d2  =   2 [  -  2 COS2 +  SIN2 ]  ] =   22  SIN2 +   2 A2 COS2 - 2SIN 2 .

58I 23COS 2 d2 =   23  SIN ( 2 )  -    [ 3I22  SIN ( 2 ) d2 =  3 (  -  22  COS ( 2 ) +  22 SIN ( 2 ) +  2 COS ( 2 )  )  ]  

=   23  SIN2  +   322  COS2  -   62 SIN2 -   6 COS2.

59I 24  COS 2 d2  =   24  SIN ( 2 )  -   4 [  I23  SIN ( 2 ) d2  =   23  COS ( 2 ) +  322  SIN ( 2 ) +  62 COS ( 2 ) -  6 A SIN ( 2 )  ]  

   =   24  SIN2 +  4 A23  COS2 - 12 A22  SIN2 -  24  2COS 2 +  24 SIN 2.

I COSnu2 SIN 2  d2 

r0   =   1/u,  r1   =   1/u2 ,  r2   =   1/ ( u 2   -   1 ), r3   =   1/ ( 1  -   9u2  ), r4   =   1/ ( 1 -  16u2  ), r5    =   1/ ( 1 -  25u2  ),

r6   =   1/ ( 1 -  36u2  ), r7   =   1/ ( 1 -  49u2  ), s0   =   1/ ( 2u ), s1   =   1/ ( 4u2  ), and s2   =    1/ ( 4u2  -  1 ). 

60 I COSu2 SIN2  d2 =   1/u  SINu2  SIN2 +   [  -  1/uI SINu2 COS2  d2  =   1/u 2  COSu2 COS 2  -    1/u2I  COS u2 (  -  SIN 2 )  d2 ]

=   u2 / ( u 2  -   1 ) [ 1/u SINu2 SIN2  +   1/u2  COSu2 COS2 ]   =    r2 [ u SINu2 SIN2  +   COSu2 COS2 ].

61 ICOS2u2 SIN2  d2 =  I [ 1/2 +  1/2 COS2u2 ] SIN2 d2  =  - 1/ 2 COS2 +  1 /2  A  [I COS 2u2  SIN2  d2 ]
                      A {ICOS2u2 SIN2 d2 =  1 / (2u)  SIN2u2 SIN2 + [-I 1 / (2u )S IN  2u2 COS2 d2 =  1 / (4u2 )COS2u2 COS2 -I1 / (4u2 )COS2u2 (-SIN2) d2 ]

                                                  =     [ 4u2  / ( 4u2  - 1 )] [ 1 / (2u ) S IN2u2 SIN2+  1 / (4u2 )COS2u2 COS2]

                  =    -  1/2 COS2 +  2u2 /  ( 4u2  -   1  ) [  1 /  (2u ) S IN2u2 SIN2  +  1 /  ( 4u2  )  COS2u2 COS2 ]  

=     -   1/2 COS2  +   s2  [ u SIN2u2 SIN2  +    (  1 /2  )  COS2u2 COS2 ].

62 I  COS3  u2 SIN2  d2  {  =    -    COS3 u2 COS2  +   A  I  -   3u COS2 u2 SINu2 COS2  d2}

A {I  -   3u COS2 u2 SINu2 COS2  d2  =     -  3u COS2 u2 SINu2 SIN2  -   B I 6u2  COSu2 SIN2 u2 SIN2 -   3u2  COS3 u2 SIN2  d2}

B{  -   I 6u2  COSu2 SIN2 u2 SIN2 -   3u2  COS3 u2 SIN2  d2  =   C  -  I 6u2  COSu2 SIN2  d2  +  I  9u2  COS3 u2 SIN2  d2}

 C{ -  I 6u2  COSu2 SIN2  d2  =   -   6u4 / ( u 2  -  1  ) [ 1/u SINu2 SIN2  +   1/u2  COSu2 COS 2 ]}

=    [  1 /  ( 1  -   9u2  ) ] [ - COS3 u2 COS2 - 3u COS2 u2 SINu2 SIN2 ]  +  [  1 /  ( 1  -   9u2  )  ] [  - 6u4 / ( u 2  - 1 ) ] [ 1/u SINu2 SIN2 +  1/u2  COSu2 COS2 ] .

=    -   r3  [  COS3u2 COS2 +  3u COS2u2 SINu2 SIN2 ] -  6r3  r2 [ u3  SINu2 SIN2  +   u2  COSu2 COS2 ].

63 I  COS4  u2 SIN2  d2 {  =    -    COS4 u2 COS2  -    AI  -  4u COS3 u2 (  -   SINu2 ) COS2  d2}

 A {  -   I 4u COS 3 u2 SINu2 COS2  d2  =    -  4u COS3 u2 SINu2 SIN2  -   BI  [   -  12u2  COS2 u2 (  -  SIN2 u2 )   -   4u2  COS4 u2 ] SIN2  d2}

           B{ -  I  [   -  12u2  COS2 u2 (  -   SIN2 u2 )   -   4u2  COS4 u2 ] SIN2  d2  =    [  -  CI 12u2  COS2 u2 SIN2  d2  +   I 16u2  COS4 u2 SIN2  d2}

 C{ -  I 12u2  COS2 u2 SIN2  d2 =   6u2  COS2  -    24u4 /  (  4u2  -   1  ) [  1 / (2u ) S IN2u2 SIN2  +   1 /  ( 4u2  )  COS2u2 COS2 ] }

                                 =    [  1 /  ( 1  -   16u2  ) ] [   -   COS4 u2 COS2  -   4u COS3 u2 SINu2 SIN2  +   6u2  COS2 ]

 +     [  1 /  ( 1  -   16u2  )  ] [   -  24u4 /  ( 4u2  -   1  ) ]  [  1 /(2u)  SIN2u2 SIN2  +   1/ ( 4u2  )  COS2u2 COS2 ] .

               =   r4 [ -  COS4u2 COS2 -  4u COS3u2 SINu2 SIN2 +  6u2  COS2 ] -  r4  s2 [ 12u3  S IN2u2 SIN2 +  6u2  COS2u2 COS2 ].

64 I COS5  u2  SIN2  d2  {  =    -   COS5 u2 COS2  +    AI 5u COS 4 u2 (  -   SINu2 ) COS2  d2}

            A {I 5u COS 4 u2 (  -   SINu2 ) COS2  d2  =    -   SIN2 [ 5u COS 4 u2 SINu2  -   BI  [  20u2  COS3 u2 (  -   SIN2 u2 )  +  5u2  COS5 u2 ] (  -   SIN2 ) d2}

    B{I  [  20u2  COS3 u2 (  -  1 +   COS2 u2 )  +  5u2  COS5 u2 ] (   SIN2 )  d2  =    -   CI 2Ou 2  COS3 u2 SIN2  d2  +   25u2I  COS5 u2 SIN2  d2}

   C{ -  I 2Ou 2  COS3 u2 SIN2  d2  =     [  20u2 /  (  1  -   9u2  ) ] [   COS3 u2 COS2  +   3u COS2 u2 SINu2 SIN2 ]

                         +     [  20u2 /  (  1  -   9u2  )  ] [  6u4 / ( u 2  -  1 ) ] [ 1/u SINu2 SIN2  +   1/u2  COSu2 COS2 ].}

=   r5  [  -   COS5u2 COS2 -  5u COS4u2 SINu2 SIN2 ]   +   20  u2  r5  r3   [  COS3u2 COS2 +  3u COS2u2 SINu2 SIN2 ]

                              +   120  u6  r5  r3  r2  [ 1/u SINu2 SIN2  +   1/u2  COSu2 COS2 ].

65 I  COS6  u2  SIN2  d2 {  =    -    COS2 COS6 u2  +   AI  -  6u COS5 u2 SINu2 COS2  d2}

A {I  -  6u COS5 u2 SINu2 COS2  d2  =    -  6u COS5 u2 SINu2 SIN2 +   BI  [  30u2  COS4 u2 (  -   SIN2 u2 )  +  6u2  COS6 u2 ] SIN2  d2}  

B{I  [  30u2  COS4 u2 (  -   SIN2 u2 )  +  6u2  COS6 u2 ] SIN2  d2  =   CI  -   30u2  COS4 u2 SIN2  d2 +  36u2I  COS6 u2 SIN2  d2 }

C{I  -   30u2  COS4 u2 SIN2  d2   =    -     [ 30u2 /  (  1  -   16u2  ) ] [   -   COS4 u2 COS2  -   4u COS3 u2 SINu2 SIN2  +   6u2  COS2 ]

    -     [  30u2 /  (  1  -   16u2  )  ] [   -  24u4 /  (  4u2  -   1  ) ]  [  1 /2u  SIN2u2 SIN2  +   1 /  ( 4u2  )  COS2u2 COS2 ].}

=  r6  [ - COS2 COS6u2 -  6u COS5u2 SINu2 SIN2 ] -  30 u2r6r4  [  -   COS4u2 COS2 -  4u COS3u2 SINu2 SIN2 +   6u2  COS2 ]

      +   720u6r6r4s2   [ 1/(2u) SIN2u2 SIN2  +   1 /  ( 4u2  )  COS2u2 COS2 ].

66I  COS7  u2 SIN2  d2 {   =    -   COS7 u2 COS2   +   AI  7u COS6 u2(- SINu2) COS2 d2 }

 A  {I  -  7u COS6 u2 SINu2 COS2  d2  =    -  7u COS6 u2 SINu2 SIN2  +  BI    42u2  COS5 u2(- SIN2 u2 )SIN2  d2  +   I 7u2  COS7 u2 SIN2  d2 }

          B {I  -   42u2  COS5 u2 SIN2 u2 SIN2 d2  =  I -  42u2  COS5 u2 (1 - COS2 u2) SIN2 d2  =  CI -  42u2  COS5 u2 SIN2 d2 +  I 42u2  COS7 u2 SIN2 d2}

 C {I  -   42u2  COS5 u2 SIN2  d2  =    -    42u2 r5  [  -   COS5 u2 COS2  -    5u COS4 u2 SINu2 SIN2 ]

       -    840u4 r5 r3  [   COS3 u2 COS2  +   3u COS2 u2 SINu2 SIN2 ]  -   5040  u8 r5 r3 r2  [ 1/u SINu2 SIN2  +   1/u 2  COSu2 COS2 ] .

=  - r7  COS7u2 COS2 - 7 u r7  COS6u2 SINu2 SIN2 -  42  u2  r7  r5   [ - COS5u2 COS2 - 5u COS4u2 SINu2 SIN2 ]

     -    840  u4  r7  r5  r3  [COS3u2COS2 +  3u COS2u2 SINu2SIN2]  - 5040  u8  r7  r5  r3  r2  [1/u SINu2SIN2 +  1/u2  COSu2 COS2 ].

I COSnu2 COS2  d2                                              
r0   =   1/u, r1   =   1/u2 , r2   =   1/ ( u 2  -  1 ), r3   =   1/ ( 1 -  9u2  ),r4   =   1/ ( 1 -  16u2  ),r5   =   1/ ( 1 -  25u2  ),

r6   =   1/ ( 1 -  36u2  ), r7   =   1/ ( 1 -  49u2  ), 0  =   1/ ( 2u ), s1   =   1/ ( 4u2  ), and s2   =   1/ ( 4u2  -  1 ).

67 I COSu2 COS2 d2   =   COS u2 SIN2 -  [  I -  u SINu2 SIN2 d2 =  u SINu2 COS2 - I u2  COSu2 COS2 d2 ]   

  =   [ 1/  ( 1 -  u 2  ) ] [ COSu2 SIN2 -  u SINu2 COS2 ]  =    -   r2  [  COSu2 SIN2  -   u SINu2 COS2 ].

68 I COS2u2 COS2  d2  =   I [  1 /2  +  1 /2   COS2u2 ] COS2  d2 =  1/2  SIN2  + 1 /2  ICOS2u2 COS2 d2

    [ICOS2u2 COS2 =  COS2u2 SIN2 - [I( -2u )S IN2u2 SIN2 d2 =  2uSIN2u2 COS2 -I4u2 COS2u2COS2 d2]  = [1 / (1 -4u2 ) ] [COS2u2SIN2 -  2uS IN2u2 COS2]

=   1/ 2  SIN 2  -    1 /2  s2  [   COS2u2 SIN2  -   2u SIN2u2 COS2 ].



ELEMENTS OF  FRASCA  ROTARY ENGINE DESIGN

by   Joseph   F.  Frasca

Copyright © 1998 by Joseph   F.  Frasca

 

ELEMENTS OF  FRASCA  ROTARY ENGINE DESIGN

by   Joseph   F.  Frasca

Copyright © 1998 by Joseph   F.  Frasca

ELEMENTS OF  FRASCA  ROTARY ENGINE DESIGN

by   Joseph   F.  Frasca

Copyright © 1998 by Joseph   F.  Frasca

ELEMENTS OF  FRASCA  ROTARY ENGINE DESIGN

by   Joseph   F.  Frasca

Copyright © 1998 by Joseph   F.  Frasca

ELEMENTS OF  FRASCA  ROTARY ENGINE DESIGN

by   Joseph   F.  Frasca

Copyright © 1998 by Joseph   F.  Frasca

ELEMENTS OF  FRASCA  ROTARY ENGINE DESIGN

by   Joseph   F.  Frasca

Copyright © 1998 by Joseph   F.  Frasca

ELEMENTS OF  FRASCA  ROTARY ENGINE DESIGN

by   Joseph   F.  Frasca

Copyright © 1998 by Joseph   F.  Frasca

ELEMENTS OF  FRASCA  ROTARY ENGINE DESIGN

by   Joseph   F.  Frasca

Copyright © 1998 by Joseph   F.  Frasca

ELEMENTS OF FRASCA ROTARY ENGINE DESIGN 103

69 I COS3u2 COS2  d2  {   =    COS3 u2 SIN2   -    AI  -  3u COS2 u2 SINu2 SIN2  d2}

    A {I3u COS 2 u2 SINu2 SIN2  d2  =    -   3u COS2 u2 SINu2 COS2  +   BI 6u2  COSu2 (  -   SIN2 u2 ) COS2  d2 +   I 3u2  COS3 u2 COS2  d2}

 B{I -   6u2  COSu2 SIN2 u2 COS2 d2 =  I6u2  COSu2 (  -  1 +   COS2 u2 ) COS2 d2 =  CI -    6u2  COSu2 COS2  d2 +  I 6u2  COS3 u2 COS2  d2}

 C{I -    6u2  COSu2 COS2  d2  =    [   -   6u2  / ( 1 -  u 2  ) ] [  COSu2 SIN2  -   u SINu2 COS2 ].}

      =    [  1 /  ( 1  -   9u2  ) ] [  COS3 u2 SIN2  -   3u COS2 u2 SINu2 COS2 ]   +    [  1 /  ( 1  -   9u2  )  ] [   -  6  u2 / ( 1 -  u 2  ) ] [  COSu2 SIN2  -   u SINu2 COS2 ] .

=   r3 [ COS3u2 SIN2 -  3u COS2u2 SINu2 COS2 ] +  6  u2  r3  r2 [  COSu2 SIN2 -  u SINu2 COS2 ]
70 I COS4u2 COS2  d2  {   =    COS4 u2 SIN2  -   A  I 4u COS 3 u2 (  -   SINu2 ) SIN2  d2}

           A {I 4u COS 3 u2 SINu2 SIN2  d2  =   -   4u COS3 u2 SINu2 COS2 +   BI12u2  COS2 u2 (  -   SIN2 u2 ) COS2  d2 +  I 4u2  COS4 u2 COS2  d2}

   B{I12u2  COS2 u2  (  -   SIN2 u2 ) COS2  d2  =    CI  -   12u2  COS2 u2 COS2  d2  +   I 12u2  COS4 u2 COS2  d2}

   C{I  -   12u2  COS2 u2 COS2  d2  =    -   6u2  SIN2  +    [   -  6u2 / ( 1 -  4 uIN22  )  ] [   COS2u2 SIN2  -    2u S IN2u2 COS2 ]  ) }

          =    [  1 /  ( 1  -   16u2  ) ] [  COS4 u2 SIN2 -  4u COS3 u2 SINu2 COS2 -   6u2  SIN2 ]  

+    [  1 /  ( 1  -   16u2  )  ] [   -  6u2 /  (  1  -   4u2  )  ] [   COS2u2 SIN2 -   2u S IN2u2 COS2 ] .

            =   r4  [  COS4u2 SIN2 -  4u COS3u2 SINu2 COS2 -  6u 2  SIN2 ]   +    6  u2r4s2  [  COS2u2 SIN2 -  2u SIN2u2 COS2 ].

71 I  COS5u2 COS2  d2 {   =    COS5 u2 SIN2  -   AI 5u COS 4 u2 (  -   SINu2 ) SIN2  d2}

A {I 5u COS 4 u2 SINu2 SIN2  d2  =   -  5u COS4 u2 SINu2 COS2 +  BI  -   20u2  COS3 u2 SIN2 u2 COS2  d2 +  I 5u2  COS5 u2 COS  d2}

B{I -   20u2  COS3 u2 SIN2 u2 COS2 d2 =   -   20u2I COS3 u2 ( 1 -   COS2 u2 ) COS2  d2  =   CI  -   20u2  COS3 u2 COS2  d2  +  20u2I  COS5 u2 COS2 d2}

C{I -   20u2  COS3 u2 COS2  d2 =    [   -  20u2 /   ( 1  -   9u2  ) ] [  COS3 u2 SIN2  -   3u COS2 u2 SINu2 COS2 ]

        [   -  20u2 /  (  1  -   9u2  )  ] [   -  6u2 / ( 1 -  u 2  ) ] [  COSu2 SIN2  -   u SINu2 COS2 ]}

 =  [  1 /  ( 1  -  25u2  )] [ COS5 u2 SIN2 - 5u COS4 u2 SINu2 COS2 ]  +  [  1 /  ( 1  -  25u2  ) ] [  -  20u2 /   (  1  -  9u2  ) ] [  COS3 u2 SIN2  -   3u COS2 u2 SINu2 COS2 ]

          +   [  1 /  ( 1  -  25u2  ) ]  [  -  20u2 /  (  1  -  9u2  ) ]  [  -  6  u2 / ( 1 - u 2  )] [ COSu2 SIN2 - uSINu2 COS2] .

=    r5 [  COS5u2 SIN2 -  5u COS4u2 SINu2 COS2 ] -   20  u2  r3  r5 [  COS3u2 SIN2 -  3u COS2u2 SINu2 COS2 ]
        -    120  u4  r3  r5  r2 [  COSu2 SIN2 -  u SINu2 COS2 ].

72 I COS6  u2 COS2  d2 {  =    COS6u2 SIN2  -    AI  -  6u SINu2 COS5u2 SIN2  d2}

A {  -  I - 6u SINu2 COS5 u2 SIN2 d2 =   -  6 u SINu2 COS5 u2 COS2  +   BI -  30u2  SIN2 u2 COS4 u2 COS  d2  +  6  u2I  COS6 u2 COS2  d2 }

B{  I -  30  u2  ( 1 -   COS2 u2 ) COS4 u2 COS  d2  =    -   CI 3O u 2  COS4  u2 COS  d2  +   I 30  u2  COS6  u2 COS  d2 }   

C{ I -  3O u2  COS4 u2 COS  d2  =   [  -  3Ou 2 /  (  1  -   16u2  ) ]  [  COS4 u2 SIN2  -   4u COS3 u2 SINu2 COS2  -    6  u2  SIN2 ] 

  +    [   -  3Ou 2 /  (  1  -   16u2  )  ] [   -   6u2 /   ( 1  -   4u2  )  ] [   COS2u2 SIN2  -    2u S IN2u2 COS2 ]  } .

=   [  1 /  ( 1  -  36u2  ) ] [  COS6 u2 SIN2 - 6u SINu2 COS5 u2 COS2 ]  +

 1 /  ( 1  -  36u2  ) ] [ - 3Ou 2 /  (  1  -  16u2  ) ] [ COS4 u2 SIN2 - 4u COS3 u2 SINu2 COS2  -    6u2  SIN2 ]  

     +    [  1 /  ( 1  -   36u2  ) ]  [  -  3Ou 2 /  (  1  -   16u2  )  ] [   -   6u2 /   ( 1  -   4u2  )  ] [   COS2u2 SIN2  -    2u S IN2u2 COS2 ]  

   =   r6 [  COS6u2 SIN2 -  6 u SINu2 COS5u2 COS2 ] -  30  u2  r6  r4 [ COS4u2 SIN2 -  4u COS3u2 SINu2 COS2 -  6u 2  SIN2 ]

          -    180  u4  r6  r4  s2 [  COS2u2 SIN2  -   2u SIN2u2 COS2 ].

73 I  COS7u2 COS2  d2  =    COS7 u2 SIN2  -   AI 7u COS 6 u2 (  -   SINu2 ) SIN2  d2

   A {  - I 7u COS 6 u2 (  -   SINu2 ) SIN2  d2  =    -  7u COS6 u2 SINu2 COS2  +  BI  -   42u2  COS5 u2 SIN2 u2 COS2 d2 +  I 7u2  COS7 u2 ) COS2  d2

   B{I  -   42u2  COS5 u2 SIN2 u2 COS2 d2  =   CI  -   42u2  COS5 u2 COS2  d2  +  I 42u2  COS7 u2 COS2  d2

   C{I -   42u2  COS5 u2 COS2 d2 =   -   42u2 r5  [  COS5 u2 SIN2 -  5u COS4 u2 SINu2 COS2 ]   +  840u4 r3 r5  [  COS3 u2 SIN2  -  3u COS2 u2 SINu2 COS2 ]

                   +   5040  u6  r3  r5  r2   [  COSu2 SIN2 -  u SINu2 COS2 ] .

   =   r7   COS7u2 SIN2  -   7u r7  COS6  u2 SINu2 COS2  -    42  u2  r7  r5 [  COS5  u2 SIN2   -   5u COS4u2 SINu2 COS2 ]

           +  840  u4  r7  r5  r3 [  COS3u2 SIN2 -  3u COS2u2 SINu2 COS2 ] +  5040  u6  r7  r5  r3  r2 [  COSu2 SIN2 -   u SINu2 COS2 ].

I Fn COS ( B -  F ) dF                

74 I F COS ( B -  F ) dF =  - F SIN ( B -  F )   +   [  I  SIN ( B -  F ) dF  =    COS ( B -  F ) ]  =    -  F SIN ( B -  F )  +    COS ( B -  F ).

75 I F2  COS ( B - F ) dF =  -  F2  SIN ( B -  F ) +  {I2F SIN ( B -  F )dF =  2F COS ( B -  F ) +   [  -  I2 COS ( B -  F )dF =  2 SIN ( B -  F )  ]}

=    -  F2  SIN ( B -  F ) +  2F COS ( B -  F ) +  2 SIN  ( B -  F ).

76 I F3  COS ( B -  F ) dF  =   -  F3  SIN ( B -  F ) 

   +  {I 3F2 SIN ( B -  F )dF =  3F2  COS ( B - F ) +  [ - I 6F COS ( B - F )dF =  6F SIN ( B - F ) +  [ - I 6 SIN ( B - F ) dF =  -  6 COS ( B -  F )  ]  ]}

=    -  F3  SIN ( B -  F )  +  3F2  COS ( B -  F ) +  6F SIN ( B -  F ) -  6 COS  ( B -  F ) 

IM [ f ( x,y )dx ]/My  =   M [ F ( x,y ) ]/My  +   c,  ( see 2 9Rektorys, Karel )

          Where  I f ( x,y  )dx =   F ( x,a )  wit h f ( x,y ) and Mf ( x ,y )/ My, are real and con tinuous,  then

           IM [ f ( x,y )dx ]/My =   M [ F ( x,y ) ]/My  +   c; e.g. having t he solution for I  d2/ ( A  +  B COS2 ), it  fol low s that  :

          I d2/ ( A  +  B COS2 )2 =    -   I M [  d2/ ( A  +  B COS2 )2  ]/My     

=    -  M [ 2 [ A 2  -  B2  ]1/2 / [ A 2  -  B2  ]  ] TAN -  1 (  [  ( A -  B )/ ( A +  B ) ]1/2  TAN  ( 2/2  ) )/My.

I COS2 d2/ [ A +  B COS 2 ]n    ( see 2 9Rektorys, Karel )

1 )  COS 2  =   2  COS 2(2/2 )  -  1

2 )  SIN 2 =   2  SIN(2/2) COS(2/2 ):

SUBSTIT UTING  1  AN D  2  A BOVE INTO  THE IDENTITY    1  -    SIN 2  2  =    COS22,

    COS22 =  1  -  SIN 22 =  1 -  4  SIN2(2/2) COS2(2/2) =  1 - 4 (1 - COS 2(2/2))COS2(2/2) =  1  -  4 COS 2(2/2) +  4 COS 4(2/ 2 )

DIVID ING  1   -   4  SIN 2(2/2)COS2(2/2)  =   1 - 4 COS 2(2/2) +  4 COS 4(2/2)  BY 4  COS 4  ( 2/ 2  )

1  +   T A N2(2/2)  =   1/ COS 2  (2/2)   AND    COS 2(2/ 2 ) =  1 /  (T A N2  (2/ 2 ) +  1 )
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WITH TAN(2/2)   =  Z ,   COS2(2/ 2 ) =  1 /  (T A N2  (2/2 ) +  1) =  1/ (Z2  +  1 )

WITH  TAN (2/2 ) =  Z =  [SIN 2(2/ 2 )/COS2(2/2 )]1/2  =  [ 1/2  (1 - COS2 ) ]1/2 /  [ 1/2 ( 1 +  COS2 ) ]1/2  =   SIN 2/ (1  +  COS 2 )

COS(2) =  2 COS 2(2/2 ) - 1  =   2/  ( Z2  +  1 ) -  1   =     ( 1 -  Z 2  )/ ( Z2  +  1  )

SIN(2) =  [1 - COS2(2)]1/2  =  [((Z2  +  1 )2  - (1 - Z 2)2)/  ( Z2  +  1  )2] 1 / 2   =   2Z/  ( Z2  +  1  )

d SIN2/  d2  =   d ( 2Z / ( Z 2  +  1 ) )/dZAdZ/ d2  =   2  (  1  -  Z2  )/ ( Z2  +  1  )2  dZ/ d2  =    COS2

ˆ  2  (  1  -  Z2  )/ ( Z2  +  1  )2  dZ/ d2 =    (1 - Z 2)/ ( Z 2  +  1 ), and  d2  =   2  dZ / (  1  +  Z2  )

therefore t he substitut ions for If(COS2,SIN2) d2 below are permitted.

 Z  =   TA N ( 2/2 ),  COS2  =   ( 1 -  Z 2  )/ ( Z2  +  1 ),  S IN2  =   2Z/  ( Z2  +  1 ) and  d2  =   2 dZ / ( Z 2  +  1  )

77&78ICOS2 d2/[A + B COS2]  =  1/BId2  -  A/ B I  d2/ [ A +  B  COS2 ]    =   2/B  -   A /B I  d2/ [ A +  B  COS2 ]

WITH Z  =   TA N ( 2/2 ):  d2  =  2d Z/ ( Z 2  +  1 ),  S IN2  =  2Z/  ( Z2  +  1 ),  COS2  =    ( 1 -  Z 2  )/ ( Z2  +  1  )
   I d2/ [ A +  B COS2 ]   =   I [ 2 d Z / ( Z2  +  1 ) ]/  [ A +  B ( 1 -  Z2  )/ ( Z2  +  1 ) ]  =   I2 dZ / [  ( A  +  B ) +   ( A -  B ) AZ2  ]  

WITH  [   ( A +  B )/ ( A -  B ) ] 1 / 2   U  =   Z,  [  ( A  +  B )/ ( A -  B ) ] 1 / 2  dU =  dZ,

2 [  ( A  +  B )/ ( A -  B ) ] 1 / 2IdU/ [   ( A  +  B  ) (  1  +  U2  )  ]   =   2 [  A 2  -  B2  ]1 / 2 /  [  A 2  -  B2  ]IdU/ [  1  +  U2  ] .  

W I TH  U  =    T A N: AN D d U  =    SEC2: d:  and   X  =   2 [  A 2  -  B2  ]1 / 2 /  [  A 2  -  B2  ] ,

XIdU/ [  1  +  U2  ]   =   XI SEC 2: d:/ S EC2:  =   X:  =   X   T A N-1  U 

77 I d2/ [ A +  B COS2 ]  =    [ 2 [ A 2  -  B2  ]1/2 / [ A2  -  B2  ] ] TAN -  1  (  [  ( A -  B )/ ( A +  B ) ]1/2  TAN ( 2/2  ) ).

78  I COS2  d2/ [ A +  B COS2 ]  =   I.  2/B  d2  -  I ( A/ B )  d2/ [ A  +  B COS2 ]

    =   22 /(2B)  -   A/B [ 2  [  A2  -  B2  ]1/2 / [ A 2  -  B2  ] ] TAN -  1 (  [  ( A -  B )/ ( A +  B ) ]1/2  TAN  ( 2/ 2  ) ) +  C.

79I COS2  d2/ [ A +  B COS2 ]2  

WIT H Z  =   TA N ( 2/2 ):  d2 =   2dZ / ( Z 2  +  1 ),  S IN2 =   2Z/  (  ( Z2  +  1 ),  COS2  =   ( 1 -  Z 2  )/ (  ( Z2  +  1  )

I2  (  1  -  Z2  )dZ/ [   ( A +  B ) +   ( A -  B )Z 2  ]2

WIT H Z  =   [  ( A  +  B )/ ( A  -  B ) ]1/2:, X  =    [  ( A  -  B )/ ( A +  B ) ]1/2 ,  :  =   X AZ,  1 /X  d:  =   dZ 

I2/ X [ 1  -  :2 /X 2  ]d:/ [  ( A  +  B )2  ( 1+ :2  )2  ] =  2/  [ X  ( A +  B )2  ]  [  
AId:/ ( 1  +  :2  )2  ] -  

BI:2 /X 2d:/  ( 1  +  :2  )2  ]

:  =    T A NN,  d:  =    SEC 2NdN,  COSN  =   1 /  ( 1  +  X 2Z2  )1/2 ,  SINN  =   XZ / (  1  +  X 2Z2  )1/2

A{Id:/  ( 1  +  :2  )2   =   I SEC 2N dN/  [ 1  +   T A N2N ]2   =   I COS2N dN  =   1/2 [ N +   COSN SINN ]

    2/  [ X  ( A +  B )2  ]Id:/  ( 1  +  :2  )2   =   1/  [ X  ( A +  B )2  ]  [  CAT N ( XZ  ) +  DXZ /  (  1  +  X 2Z2  ) ]}

B{I:2d:/  ( 1  +  :2  )2   =   I SEC 2N T A N2N dN/  [ 1  +   T A N2N ]2   =   I SIN2N dN  =   1/2 [ N -   COSN SINN ]          

               -  2/ [  X 3  ( A  +  B  )2  ]I:2d:/  ( 1  +  :2  )2   =    -  1/ [  X 3  ( A  +  B )2  ]  [  EAT N ( XZ  ) -  FXZ /  (  1  +  X 2Z2  ) ]}
Using TAN */ 2  =   (  [ 1/2  ( 1 -   COS* ) ]/ [ 1/2 ( 1  +   COS* ) ] )1/2   =    SIN*/ ( 1 +   COS* )  =    ( 1 -   COS* )/ SIN*

[  Z / (  1  +  X 2 Z2  ) ] =  ( 1 - COS2 ) SIN2/[ SIN 22 +  X 2  ( 1 - COS2 )2  ] =  SIN2/ [ ( 1 +  COS2 ) +  X 2  ( 1 - COS2 ) ] =  1/2  ( A +  B ) SIN2/( A +  B COS2 )

Combining the coefficients of  C wit h E and D with F and simplifying:

79 I COS2  d2/ [ A +  B COS2 ]2   =  

   AA SIN2/[( A2  -  B2  ) ( A +  B COS2 ) ] -   [ 2B/ ( A2  -  B2  )3/2  ]ATN( [  ( A -  B )/ ( A2  -  B2  )1/2  ] TAN ( 2/2 ) ).

80ICOS2  d2/ [ A +  B COS2 ]3

      I2  (  1  -  Z2  ) ( 1 +  Z2  )dZ/  [  ( A  +  B ) +   ( A  -  B )Z2  ]3   =   2/  ( A +  B )3  I ( 1 -  Z 4  )dZ/ [  1 +   ( A -  B )Z 2 / ( A  +  B ) ]3

WIT H Z  =   [  ( A  +  B )/ ( A  -  B ) ]1/2:, X  =    [  ( A  -  B )/ ( A +  B ) ]1/2 ,  :  =   X AZ,  1 /X  d:  =   dZ  

2/  ( A +  B )3  I [ 1  -  :4 /X 4  ] 1 /X  d:/  [  1  +  :2  ]3 , WITH :  =    T A NN,  d:  =    SEC 2N dN

2/  [ X  ( A +  B )3  ]  I SEC 2N dN/ SEC6N  -   2/ [  X 5  ( A +  B )3  ]  I T A N4N SEC 2N dN/ SEC6N

I COS2  d2/ [ A  +  B COS2 ]3   =  2/  [ X  ( A +  B )3  ]  I COS4N dN  -   2/ [  X 5  ( A +  B )3  ]  I SIN4N dN

DEFINING CO NSTA NT   J  =  2/  [ X  ( A +  B )3  ]  and   K =  - 2/ [ X 5  ( A +  B )3  ]

Using  and   above for I COS4N dN and I SIN4N dN.

I  COS4N dN  =   3 / 8  N  +  1/4  SIN 2N  +  1/32   SIN 4N,  I  SIN4N dN  =   3 / 8  N  -  1/4  SIN2N +  1/32   SIN4N.

  Z  =    TA N ( */2  )  =    SIN*/ ( 1 +   COS* )  =    ( 1 -   COS* )/ SIN*

I COS2  d2/ [ A  +  B COS2 ]3    =   3/8 [ J  +  K ]N  +   1/4 [ J  -  K ] SIN2N  +   1/32  [ J +  K ] SIN4N

   =   M  3/8 [ J  +  K ]N  +   N1/ 2 [  J -  K ]  SINN COSN  +  O1/ 32  [ J +  K ] [  S INN COS3N -   SIN3N COSN ]

W i th   TA NN  =   :  =   XZ,   SINN  =   XZ / (  1  +  X 2Z2  )1/2 ,  COSN  =   1 /  ( 1  +  X 2Z2  )1/2 ,  and

 Z  =    TA N ( */2  )  =    SIN*/ ( 1 +   COS* )  =    ( 1 -   COS* )/ SIN*

M  { 3/8 [ J  +  K ]N  =   3/8 [ J +  K ]ATN  (  [  ( A  -  B )/ ( A 2  -  B2  )1/2  ] TA N ( 2/ 2  ) )}  

N { 1/ 2 [  J -  K ]  SINN COSN =  1 /2  [  J  -  K  ]XZ/ ( 1  +  X 2Z2  ) =  1/2 [ J  - K ]AX A SIN2/ [  [  ( X 2  +  1 ) +   ( 1 -  X 2  ) COS2 ]}

O { 1/ 32  [ J +  K ] [  S INN COS3N -   SIN3N COSN ]  =   1 / 32  [  J +  K  ]  [ XZ / (  1  +  X 2Z2  )2   -  X 3Z3 /  ( 1  +  X 2Z2  )2  ]

=   1/32 [ J  +  K ] [  X A SIN32 ]/ [  ( 1  -   COS2 ) [  ( X 2  +  1 ) +   ( 1 -  X 2  ) COS2 ]2 ]

  -   1/32 [ J +  K ] [  X 3 A SIN2 ( 1 -   COS2 )/ [  ( X 2  +  1 ) +   ( 1 -  X 2  ) COS2 ]2

=   1/32 [ J  +  K ] [  X A SIN2 ] [  SIN22 -  X 2  ( 1 -   COS2 )2  ]/ [  ( 1 -   COS2 ) [  ( X 2  +  1  ) +   ( 1 -  X 2  ) COS2 ]2 ]}
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80ICOS2 d2/[A +  B COS2 ]3  =   3/ 8 [ J +  K ]ATN (  [  ( A  -  B )/ ( A2  -  B2  )1/2  ] TAN ( 2/2  ) )

   +   1/ 2 [ J  -  K ]AX A SIN2/ [  [  ( X 2  +  1 ) +   ( 1 -  X 2  ) COS2 ]

     +  1/ 32  [ J +  K ][ X SIN2 ][ SIN22 - X 2  ( 1 - COS2)2  ]/ [ ( 1 - COS2) [ ( X 2  +  1  ) +  ( 1  -  X2  )COS2 ]2 ,

Where X  =    [  ( A -  B )/ ( A +  B ) ]1/2 ,  J   =   2 /  [  X ( A +  B )3  ], and K  =    -   2/ [ X 5  (  A +  B )3  ].

81 I d2/ ( b +  c COS2 )2  

 SIN2  =   2Z/ ( Z 2  +  1 ),  COS2  =    ( 1 -  Z2  )/ ( Z2  +  1 ),   d2  =   2 dz/ ( Z 2  +  1 ), Z  =    TAN ( 2/ 2  )

I [ 2 dz/  ( z2  +  1 ) ]/ [  ( bz2  +  b +  c -  cz2  )/ ( z2  +  1 ) ] 2    =   I 2 ( z 2  +  1 )dz/ [   ( b +  c ) +   ( b -  c )z2  ]2  

= I [ 2 ( z 2  +  1 )/ ( b +  c )2  ]dz/[ 1 +  ( b - c )/( b +  c )z2  ]2  =  2/ ( b +  c )2  I  ( z2  +  1 )dz/ [  1 +   ( b -  c )/ ( b +  c )z2  ]2

T A N: =  [ ( b - c  )/ ( b +  c ) ] 1/2  Z,        Z =  [ ( b +  c )/( b  - c)] 1/2  T A N:,   dZ =  [ ( b +  c )/( b  - c)] 1/2  SEC 2: d:

        e =    [  ( b +  c )/ ( b  -  c ) ] 1/2 ,   f   =   2/  (  b +  c )2

fI( e2  TAN2: +  1 )e SEC2: d:/ SEC4:  =   fIe3  SIN2:  +  e COS2: d:  =   f  [  e3 /2 ( : -   SIN: COS: ) +  e/2 ( : +   SIN: COS: ) ]

 =   f  ( e3 / 2  +  e /2  ):  +   f ( e/ 2 -  e 3 / 2  )A SIN: COS:

With  SIN:  =    ( 1/e )Z/ [ 1 +   ( 1/e2  )Z2  ]1/2 ,  COS:  =   1/ [ 1 +   ( 1/e2  )Z2  ]1 / 2  ,        :  =   AT N [  ( 1 /e ) TA N ( 2/2 ) ] ;

A{  SIN: COS:  =   eZ/ [  e2  +  Z2  ]  =   e TAN ( 2/2 )/  [  e2  +   T A N2  ( 2/2 ) ]   =   e TAN ( 2/2 )/  [  ( e2  -   1  ) +  1  +   T A N2  ( 2/2 ) ]

    =   e TAN ( 2/2 )/  [  ( e2  -  1  ) +   SEC 2  ( 2/2 ) ]   =   e SIN ( 2/2 ) COS ( 2/2 )/  [  ( e2  -  1 ) COS2  ( 2/2 ) +  1 ] 

   =    ( 1/2  )e SIN2/ [  ( e 2  +  1 ) +   ( e2  -  1 ) COS2 ]   =    ( 1/2 ) [ b2  -  c2  ]1/2  SIN2/ [  b +  c COS2 ]}

81 I d2/(b +  c COS2)2   =   2b ( b2  -  c2  ) -   3 /2  ATN [  ( 1/e ) TAN ( 2/2  ) ]  -   c ( b2  -  c2  ) -  1  SIN2/ [ b +  c COS2 ]  

82  I d2/(b +  c COS2)3  
 SIN2  =   2Z/  ( Z2  +  1 ),  COS2  =    ( 1 -  Z 2  )/ ( Z2  +  1 ),  d2  =   2 dz/  ( Z2  +  1 ), Z   =    TA N ( 2/ 2  )

I [ 2  dz/ ( z 2  +  1 ) ] /  [   ( bz2  +  b +  c -   cz2  )/ ( z2  +  1  ) ]3    =  I 2  (  z2  +  1 )dz/  [  ( b +  c ) +   ( b -  c )z 2  ]3  

     =  I [ 2  ( z2  +  1 ) /  ( b +  c )3  ]dz/  [ 1  +  ( b - c )/( b  +  c )z2  ]3  =  2/(  b +  c )3I ( z2  +  1) dz/ [ 1  +  ( b - c )/( b  +  c )z2  ]3

 T A N: =   [ ( b -  c )/  ( b +  c ) ] 1/2 Z,    Z  =   [  ( b +  c )/ ( b  -  c ) ] 1/2  T A N:,      dZ  =   [  ( b +  c )/ ( b  -  c ) ] 1/2  SEC 2: d:

 e  =    [  ( b +  c )/ ( b  -  c ) ] 1/2 ,                     g  =   2/  (  b +  c )3

gI ( e2  T A N2: +  1 ) e SEC2: d:/ SEC6:  =  gI e3  SIN2: COS2: +  e COS4: d:  =  Ige3  COS2: +  g ( e -  e3  ) COS4: d:

Using   math appendix #2 and #4

g Ae3I  COS2: d:  =   gAe3  [  1 / 2  :  +   1/ 2  SIN : COS: ] .

g ( e -  e3  )I  COS4: d:  =   g ( e -  e3  )  [ 3 / 8  :  +   3/ 8  SIN : COS:  +   1/ 4  SIN : COS3: ]

 [  A e3g/2  +  ( 3/8  )g ( e -  e3  ) ]:  =  [  4/  (  b +  c )3  ]  [  ( b +  c )/ ( b -  c ) ] 1/2 ATN [  [   ( b -  c )/ ( b +  c ) ]1/2  TA N ( 2/2  ) ]

 [  e3g/2  +   ( 3/8  )g ( e -  e3  ) ] ( B SIN: COS: )   =    [  4/  (  b +  c )3  ] [  ( b +  c )/ ( b  -  c ) ] 1 / 2   SIN: COS:

 [  C (  1 /4  )Ag A ( e -  e3  ) ] ( D SIN: COS3: )

A{  [  ( 1/ 8 )e 3g  +   (  3/8 )eg ]   =    (  1/2 )  ( b +  c ) -  3 [  ( b +  c )/ ( b  -  c ) ] 1/2  [  2b  -   c  ]  ( b -   c  ) -  1

B{  SIN: COS:  =   Ze/ [ Z2  +  e2  ]  =   e COS2  ( 2/2  ) TA N ( 2/2  )/ ( 1 +   ( e2  -  1 ) COS2  ( 2/2  ) )

          =   e SIN2/  [   ( e2  +  1  ) +   ( e2  -  1 ) COS2 ]   =    [  b2  -  c2  ]1/2 / ( 2b +  2c COS2 )}

C{  (  1 /4  )Ag A ( e -  e3  )   =    -   c  ( b -   c  ) -  1 (  b +  c ) -  3 [  ( b +  c )/ ( b  -  c ) ] 1/2}

D{  SIN: COS3:  =   Ze3 /  [  Z2  +  e2  ]2   =   e3  COS4  ( 2/2  ) TA N ( 2/ 2  )/ ( 1  +   (  e2  -  1 ) COS2  ( 2/ 2  ) )2

     =   e3  [  SIN2 COS2 +   SIN2 ]/ [   ( e2  +  1  ) +   ( e2  -  1 ) COS2 ]2  

            =    ( b +  c ) ( b 2  -  c2  )1/2  [  SIN2 COS2 +   SIN2 ]/ [ 2b +  2c COS2 ]2}

82  Id2/(b +  c COS2)3   =   ( 2b -  c )/ [ 2 ( b +  c ) ( b2  -  c2  )3/2  ]ATN [  [  ( b -  c )/ ( b +  c ) ]1/2  TAN ( 2/2  ) ]

 +    ( 2b -  c ) ( b +  c COS2 )/ [  ( b +  c )2  ( b -  c ) ]

  -   c [  SIN2 COS2 +   SIN2 ]/ [ 2 ( b2  -  c2  ) ( b +  c COS2 )2  ]

83 Idt  =   I [ 12:W ( 1 8 0 ° Ld )/ ( ,M2  ) ] [ 1/  ( 1 -  ,2  ) +   [ 2,/ ( 1   -  ,2  )3/2  ]ATN  [  ( 1 +  , )/ (1 -  ,2  )1/2  ]  -  1 ] de,

wi th  X   =    [  12:LdW/M 2  ] ,

Id t   =   X [  ,/(1 -  ,2) +  [ 2 /(1   -  ,2  )3/2 ]ATN[ ( 1 +  , )/( 1 -  ,2  )1/2 ] ]  &  ,  =   SIN*,  d, =   COS* d*

AI e/ ( 1  -  e2  ) de  +   BI  [ 2/  ( 1 -  e 2  )3/2  ]ATN[ [( 1 +  e )/( 1  -  e ) ]1/2  ] de

A{I e/ ( 1  -  e2  ) de  =    -   ( 1/2 ) Ln *1  -   e2*}

B{  I  [ 2/  ( 1 -  e 2  )3/2  ]ATN [  [  ( 1 +  e )/ ( 1 -  e ) ] 1/2  ]de, w ith   e  =    SIN2, de  =    COS2  d2

  =   I  [ 2/ COS 32 ]ATN [  [  ( 1 +   SIN2 )/ ( 1 -   SIN 2 ) ]1/2  ] COS2  d2

           =  2  T A N2 ATN  [ [ ( 1 +  SIN2 )/( 1 - S IN2 ) ]1/2  ] - I2  T A N2C [  d ( ATN  [ [ ( 1 +  SIN2 )/( 1 - S IN2 ) ]1/2  ] )/  d2 ] d2 }

C{ d ( ATN  [  [  ( 1 +   SIN2 )/ ( 1 -   SIN 2 ) ]1/2  ] )/  d2

( 1/ [ 1  +  ( 1 +  SIN2 )/( 1 - S IN2 ) ] )(  [ 1/2  )COS2 ( 1 - SIN 2 ) -  1 /2  +  1/2 COS 2 ( 1 +  SIN2 )1/2  ( 1 -  SIN ) -   3 /2 ] )

  d ( ATN  [  [  ( 1 +   SIN2 )/ ( 1 -   SIN 2 ) ]1/2  ] )/  d2  =    [  ( 1 -   SIN 2 )/2 ]  [ 1 / ( 1 -   S IN2 ) ]   =   1/2 } [cont inued nex t page]
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CURVATURE AND ITS RADIUS

I [ 2 / ( 1 -  e 2  )3/2  ]ATN [  [  ( 1 +  e )/ ( 1 -  e ) ] 1/2  ]de

   =   2  T A N2 ATN  (  [  ( 1 +   SIN2 )/ ( 1 -   SIN 2 ) ]1/2  )  -   [ I T A N2 d2 =   -  1/2  Ln* ( 1 -  e 2  )* ].
   t                    ,t

83   Idt  =   I [ 12:LdW  (  d,/dt )/ ( ,M 2  ) ] [ e2 / ( 1 -  ,2  ) +   [ 2,/ ( 1   -  ,2  )3/2  ]ATN [  ( 1 +  , )/ ( 1 -  ,2  )1/2  ] ] 

0                     ,0                          

  ,t

  =   * [ 24 :W/M 2  ] [ e/ ( 1 -  e 2  )1/2  ]ATN (  [  ( 1 +  e )/ ( 1 -  e ) ] 1/2  ).
   ,0  

APPENDIX B: POWER SERIES

MA CLAURIN SERIES:   Given a  continuous function y  =   g (x).   The funct ion is approximated by a polynomial:

   f (x)  =   a0   +   a1x  +   a2x2   +   a3x3   +   a4x4   +   a5x5   +   a6x6   +   . .  .    +   anx
n; i.e.

  y  =   g (x)  .  f  n(x) =  a0   +   a1x  +   a2x2   +   a3x3   +   a4x4   +   a5x5   +   a6x6   +   . .  .    +   anx
n.

I t's desired that the terms of the expansion decrease in absolute value as their number,  n, designate increases,  the polynomial

is applicable to the function y' s domain in the interval *x*<  1.   The more closely the polynomial f n(x) approximates the function

g(x) the greater the number of derivat ives of the polynomial fn(x) will equal like derivatives of g(x).

Theref ore the coef ficients of the approximat ing polynomial fn (x), a0 ,  a1 ,  a2 ,  .  .  .  an, can be derived by differentiating and equat ing

order by order of f unction g(x) to f n (x), at x  =   0;  i.e.

f (x)  =   f (0) =  g (x) =  y =  g (0), y  =   a0   =   g (0)

f1  (x) =   dy/dx  =   a1  +  2a2x   +   3a3x2   +   4a4x3   +   5a5x4   +   6a6x5  .  .  .  .  anx
n -  1,                     ˆ a1   =   f' (x)

f2  (x)  =   d2y/dx 2   =   2a2   +   2 A3  a3x  +   3 A4a4x2   +  4 A5a5x3   +   5 A6a6x4  . . . (n - 1 )nanx
n -  2      ˆ  a2   =  f' '  (x)/2

f3  (x)  =   d3y/dx 3  =  2 A3a3   +   2 A3 A4a4x  +  3 A4 A5  a5x2   +  4 A5 A6  a6x3  . . (n - 2 ) (n - 1)nanx n -  3   ˆ a3   =  f'' ' (x)/  ( 2 A3  )

: :

fn -  1 (x)  =   dn -  1y/dx n -  1  =   an -  1 (n - 1)!  +   n!anx                                                       ˆ  an -  1  =   fn -  1 (x)/(n - 1)!

fn (x)  =   dny/dx n  =   n!an                                                            ˆ  an  =   fn (x)/n! 

Therefore the value of the function y  =   g (x) is approximated where x is close to 0 by:

y =  g (x) . f ( 0 ) +  f1( 0 )x +   f2  ( 0 )x 2 /2 !  +   f3  ( 0 )x 3 /3 ! +   f4  ( 0 )x 4 /4 ! +   f5  ( 0 )x 5 /5!. +   fn ( 0 )x n/n!.

THE TAYLOR SERIES

   We now  generalize the method used to acquire t he Maclaurin series to any funct ion  y=  g(x),   where the independent

variable x is near  any second point in the domain a and where *x - a*<  1. 

The approximating polynomial f ( x ) is now: where  n  =   1,2,3, 6 4

y  =  g ( x ) . f ( x ) =   a0  +  a1  ( x -  a ) +  a2  ( x -  a )2    +  a3  ( x -  a )3  +  a4  ( x -  a )4  +  a5  ( x -  a )5  +  .. +  an ( x -  a )n,

and the approximating expansion, the Taylor series,  is:

y  =   g ( x ) . f ( a )  +   f1  ( a ) ( x -  a ) +  f2  ( a )( x -  a )2 /2 ! +  f3  ( x -  a )3   ( a )/3!+  ...  +  fn ( a )/n! ( x -  a )n.  

APPENDIX C: CURVES IN SPACE

CURVAT URE  AND ITS RADIUS ü.

     A through coverage of this topic can be seen in 3 6George B. Thomas.  This

discussion is rudimentary.  A curve’s curvature,  ,  is defined as the

increment  fract ion dN/dS  in the draw ing.  With TANN =  dy/dx , and (TANN)/dN

=  SEC 2N,  

dN =  TANN/SEC 2N / (dy/dx)/((dx2+ dy2)1/2 /dx)2  =  (dy/dx)/ (1+ (dy/dx)2) 

Ds =  [ dy2  +  dx2  ]1 / 2    =    dx [ 1  +    (dy/dx)2  ]1/2 ,

    ˆ dN/dS  =  [ ( dy/dx )/ [ 1 +   ( dy/dx )2  ] ]
                   ))))))))))))))))))))))))

  dx [ 1 +   ( dy/dx )2  ]1/2  ],

ˆ   =  dN/dS =  (dy/dx)/(dx [1 +  (dy/dx)2  ]3/2 ) / (d2y/dx 2)/ [1 +  (dy/dx)2  ]3/2 .

From dS  =   r d2;  I.  e. t he curve length of an incremental distance along a

curve, dS, is equal to the coincident arc increment, d2, of a circle of radius,

r, which fits, (i.e.  It is coincident with all points of the topic curve increment.) and therefore dS =  r d2.

However, B - ( B - 2 - B/2 ) =  N,  ˆ  d2 =  dN  and  dS =  rAd2 / rAdN.

ü  =   r  =   1/   =   dS/d2  =   dS/dN  =   [ 1 +  (dy/dx)2] 3 / 2  ] / (d2y/dx 2).
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APPENDIX D: VISCOSITY CONSTANTS

For a comprehensive discussion of fluid viscosity see  D. D.  Fuller15.

ABSOLUTE (DYNAMIC) VISCOSITY, :abs, ENGLISH SYSTEM RELATIONSHIPS:

F =  :absA dv/dh

1 reyn =  :abs =  FAdh/(AAdv) =  lbfAin/(in2Ain/sec) =  lbfAsec/in2 

Other English system forms of absolute velocity sometimes encountered:

1 reyn =  (slugA(12  in/sec2)Asec/in2         =  12 slug/ (in-sec)

=  (slugAft /sec2)Asec/[inA(ft/1 2in)]2 =  14 4 slug/(f t-sec)

=  [lbmA(32.174A12  in/sec2)]Asec/in2 =  38 6. 08 8 lbm/(in-sec)

       =  [lbmA(32 .1 74  ft /sec2)Asec/[inA(ft/1 2 in)]2 =  46 33 .0 56  lbm/(ft-sec)

1 microreyn(:reyn) =  1 x 10-6 lbfAsec/in2 

=   1 x 10-6 lbfAsec/[in2Aft2/(144 in2)] =  144 x 10-6 lbfAsec/ft 2

=  12 x 10-6  slug/(in-sec)

=  386.04 x 10 -6 lbm/(in-s)     

ABSOLUTE (DYNAMIC) VISCOSITY, :abs, cgs (centimeter, gram,second) SYSTEM RELATIONSHIPS:

1 POISE (P) =  :abs =  FAdh/(AAdv) =  dynesAcmAsec/(cm2Acm) =  dynesAsec/cm2

More frequently encountered centipoise (cP):   1 cP =  1/100 P =  1 x 10-2 P

CONVERSION CGS TO ENGLISH:

1 P =  dynesAsec/cm2 =  1 dynesA(lbf /448,000 dynes)Asec/[cmA(in/2.54 cm)]2

=  1.4401 x 10 -5 reyns =  14.401 :reyn

1 cP =  10 -2 dynesAsec/cm2  =  1.4401 x 10 -7 reyns =  .14401 :reyn

CONVERSION OF CGS TO SI

1 dyne =  gmA(kg/1000gm)Acm(m/1 00 cm)/sec2 =  1x10-5 newton

    1 P =  dynesAsec/cm2 =  1x10-5NAsec/(cmAm/100cm)2 =  .1 NAsec/m2 =  .1 PaAsec

  1 cP =  .001 PaAsec

CONVERSION OF SI TO ENGLISH

1 PaAsec =  10 P =  1000 cP =  144.01 :reyn =  144.01 x 10 -6 reyn

1 PaAsec =  (144.01 x 10-6 reyn)(463 3.05 6 lbm/ft -sec)/reyn =  .6 67 20 6 lbm/(ft -sec)

1 PaAsec =  (144.01 x 10-6 reyn)(1 44  lbfAsec/ft 2)/reyn  =  .02073744 lbfAsec/ft 2

=  (144.01 x 10-6 reyn)(1 44  slug/ft-sec)/reyn =  .0 20 73 6 slug/(f t-sec)

ENGLISH TO SI

1 reyn  =  1/1.4401 x 10 -4(PaAsec) =  6943.96222 PaAsec

1 lbm/(ft -sec) =  1.488164 PaAsec

1 lbf Asec/ft 2 =  47.88026 PaAsec

1 slug/(ft-sec) =  47.88026 PaAsec

KINEMATIC VISCOSITY, <,

< =  :/k, w here k =  mass density, usually slugs/in3, in the english system.

Specific weight, 1bf/ft3 =  ( =  kAg/ft3 =   kslugsAg/ft3 =  (klbmAg/32.174)/ft3

For H20 at STP ( =  62.4 lbf/ft3 and

kH2O =  (/g =   (62.4 lbmAg/32.174)/ft3 =  62.4 lbm/ft3 =  62.4 lbm/1728 in3 =  .0361111 lbm/in3

=  1.9394 5 slugs/ft3 =  .001122367 slugs/in3 

When density is given in specific gravity, sg.,  then:

  k =  sg. (  0.03611111 lbm/in3  =  sg.(  0.001122367 slugs/in3.

Dimensionally:  < =  :/k =  reyn/(slugs/in3) =  [12 slugs/(in-sec)]/(slugs/in3) =  in2/sec; i.e.  area/sec.

                                                                                         


